[nex113] Modified linear birth rate I: stationarity

Consider a linear birth-death process with a modified birth rate,
W(m|n) = )‘(n + 1)6m,n+1 + ﬂném,nfh

to be used in the master equation. In [nex44] we had shown that the original linear birth rate
T4 (n) = nA leads to the extinction of the population if A < p.

(a) Use the recurrence relation of [nlnl7] to show that the modified linear birth rate T4 (n) =
(n + 1) leads to a nonvanishing stationary distribution Ps(n) for A < p. Use the ratio v = A/u
as parameter of that distribution. Show that Ps(n) is the Pascal distribution (see [nex22]).

(b) Determine the stationary values of (n) and ((n?)). Describe the differences between the long-
time asymptotics of the original linear birth-death process with A = p as analyzed in [nex130] and
the results obtained here for the case of modified birth rates in the limit 4 — A — 0.

Solution:



