
Relaxation Function and Spectral Density [nln84]

Relaxation function via Laplace transform:

ck(z)
.
=

∫ ∞
0

dt e−ztCk(t). (1)

Coupled ODEs for Ck(t) become coupled algebraic equations for ck(z):1

zck(z)− δk,0 = ck−1(z)−∆k+1ck+1(z), k = 0, 1, 2, . . . (2)

Condition: c−1(z) ≡ 0.

Recursive construction of continued fraction representation for c0(z):

k = 0 : zc0(z)− 1 = −∆1c1(z) ⇒ c0(z) =
1

z + ∆1
c1(z)

c0(z)

,

k = 1 : zc1(z) = c0(z)−∆2c2(z) ⇒ c1(z)

c0(z)
=

1

z + ∆2
c2(z)

c1(z)

,

⇒ c0(z) =
1

z +
∆1

z +
∆2

z + · · ·

(3)

Spectral density Φ(ω) from relaxation function c0(z): combine Fourier trans-
form with inverse Laplace transform.

Φ0(ω)
.
=

∫ +∞

−∞
dt eıωtC0(t),

C0(t) =
1

2πı

∫
C
dz eztc0(z)

⇒ Φ0(ω) = 2 lim
ε→0

Re[c0(ε− ıω)]. (4)

1Use

∫ ∞
0

dt e−ztĊk(t) =
[
e−ztCk(t)

]∞
0
−
∫ ∞
0

dt(−z)e−ztCk(t) = zck(z)− Ck(0).


