Fokker-Planck Equation ...

Extraction through systematic approximation of a (specific) Fokker-Planck
equation from the (unspecific) Chapman-Kolmogorov equation for a homo-
geneous Markov process with continuous sample path.

Chapman-Kolmogorov equation: P(x|zg;t + 7) = /d:E/P(x|£E/; 7)P(2'|xo; ).

Introduce a function R(z) that is differentiable and vanishes at the bound-
aries of the range of x.

/ da:R(:c)%P(xh:o; )= lim © / drR(z) [Plalag:t +7) ~ Plafroit)] (1)

- lli%% dzR(z) [/ dx' P(x|z'; 7) P (2 |xg; t) — P(x|:1:0;t)] (2)
- Pi%% dx P(x|zo;t) [/dx'R(x')P(x'|x; T) — R(a:)} (3)
= 71-1—%% dx P(x|zo;t) /dx'P(x’\x;T)
X [(x' —x)R'(z) + %(x’ —z)?R"(z) + .. ] (4)
_ %% dz R(z) {—% / ' (2 — &) P& |2 7) P o )
—1—%% da'(2' — x)*P(2|2; 7) P(w|zo; t) 4 . . } . (5)

1) Construct partial time derivative;

2) use Chapman-Kolmogorov equation;

(1)

(2)

(3) switch variables z, 2/;

(4) expand function R(z) at position z;
(5)

5) integrate by parts.

Since the above equation must hold for any R(z) with the attributes men-
tioned the Fokker-Planck equation follows.

D plafagit) = 2 Ax)Plaleoit) + -2 Bla) Plalas 1)
T x|lrost) = e x)P(x|xo; 5 52 x)P(x|xo;

with drift and diffusion coefficients

A(z) = lim 1 dr' (¢’ — x)P(2'|x; 7),

=0T
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B(z) = lim — [ da/(2' — 2)?P(2'|z; 7).
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