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Attributes: ΦX(0) = 1, |ΦX(k)| ≤ 1.
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Cumulant generating function:
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Cumulants in terms of moments (with ∆X
.
= X − 〈X〉): [nex126]

• 〈〈X〉〉 = 〈X〉
• 〈〈X2〉〉 = 〈X2〉 − 〈X〉2 = 〈(∆X)2〉
• 〈〈X3〉〉 = 〈(∆X)3〉
• 〈〈X4〉〉 = 〈(∆X)4〉 − 3〈(∆X)2〉2

Theorem of Marcienkiewicz:
ln ΦX(k) can only be a polynomial if the degree is n ≤ 2.

• n = 1: ln ΦX(k) = ika ⇒ PX(x) = δ(x− a)

• n = 2: ln ΦX(k) = ika− 1
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Consequence: any probability distribution has either one, two, or infinitely
many non-vanishing cumulants.


