Fluctuation-dissipation theorem ..

Three dynamical quantities in time domain:!

1
Xaa(t) = ﬁqA(t), A]_) response function (dissipative part),

> Xaa

> Duut) = %([A(t), AlL) — (A fluctuation function,

> Saalt) = (A(t)A) — (A)?  correlation function.

Relations:

~1 ]‘

alt) = 5 [8aa(t) + Saa (1)

N =

Saalt) — S'AA(—t)], b aa(t) =

Transformation properties under time reversal (for real t):
o Xia(—t) = —=Xaalt) = [Xaa(t)] " imaginary and antisymmetric,

. CT)AA(—t) = éAA(t) = [@AA(t)]* real and symmetric,

o Sua(—t) = Saalt —1hp) = [SAA(t)]* complex.?

To make the last symmetry relation more transparent we write

<A(_t>A> = Tr [e—,B'Hoe—zHot/hAezHot/ﬁA]
— Ty [67,37-[0627{0(tfzhﬂ)/hAefz'Ho(tfzhﬁ)/hA] _ <A(t i Zﬁh)A>

The imaginary part of the correlation function vanishes if

e if =0 i.e. at infinite temperature,

e if h =0 i.e. for classical systems.

Lusing [,]_ for commutators and [,], for anti-commutators.

2with symmetric real part and antisymmetric imaginary part.



Three dynamical quantities in frequency domain:

+oo
> Xaalw) = / dt et 4(t)  dissipation function,

[e.e]

+o00 ~
> Dau(w) = / dt e ® 4 4(t) spectral density,

e}

+oo
> Saalw) = / dte™'S,a(t)  structure function.

Symmetry properties:
o Yiu(—w)=—x%4(w) real and antisymmetric,
o ¥ u(—w)=Pu(w) real and symmetric,
o Saa(—w)= e‘ﬁmSAA(w) real and satisfying detailed balance.

Relations:

Woa(@) = = (1= ) S4a(w), Ban(w) =

5 (1+6_Bhw) SAA((,U).

N —

Fluctuation-dissipation relation (general quantum version):
1 "
® 44(w) = hcoth Qﬁhw Xaa(w).

Dissipation effects from an interaction with a weak external force as encoded
in x4 4(w) are determined by natural fluctuations existing in thermal equi-
librium as encoded in ®44(w).

Classical limit (no zero-point fluctuations):

A 2ksT
D ps(w)a = j Xaa(w).

Classical fluctuations of any frequency related to static susceptibility:

~ T dw
<(A — <A>)2> = ¢AA(t = 0) = lim gB_MtCI)AA(w)

=0 J_ o

—+oo d 1 “+00 "
= k;BT/ —ww_leﬁm(u)) = kT lim — deL(w)
fee T

/
00 W=0T w—w

= kpTx'ya(W =0) = kgTxaa(w =0) = kgTxaa.



