
Kubo inner product [nln32]

General properties of inner products:

• 〈A|B〉 = 〈B|A〉∗,
• 〈A|A〉 = ||A||2 ≥ 0,

• 〈A|λB〉 = λ〈A|B〉,
• 〈A|B+C〉 = 〈A|B〉+〈A|C〉.

Kubo inner product for quantum system:1

〈A|B〉 .= 1

β

∫ β

0

dλ 〈eλHA†e−λHB〉,

where

〈A〉 = 1

Z
Tr{e−βHA}, Z = Tr{e−βH}, β =

1

kBT
.

Alternative inner product for quantum systems:2

〈A|B〉 .= 1

2
〈A†B +BA†〉.

Both inner products have the same classical limit:3

〈A|B〉 .= 1

Z

∫
dnq dnp e−βH(q,p)A(q, p)B(q, p).

Inner products of [nln31] employ...

B quantum Liouville operator: L =
1

~
[H, ],

Heisenberg equation of motion:
dA

dt
=
ı

~
[H, A] = ıLA.

B classical Liouville operator: L = ı{H, } = ı

n∑
j=1

(
∂H
∂qj

∂

∂pj
− ∂H
∂pj

∂

∂qj

)
,

Hamilton’s equation of motion:
dA

dt
= −{H, A} = ıLA

1Designed to satisfy classical fluctuation-dissipation theorem in [nln39].
2Designed to satisfy quantum fluctuation-dissipation theorem in [nln39].
3Option for all inner products: subtract 〈A†〉〈B〉.


