
Intensity spectrum and spectral density [nln14]

Consider an ergodic process x(t) with 〈x〉 = 0.

Fourier amplitude: x̃(ω, T )
.
=

∫ T

0

dt eiωtx(t) ⇒ x̃(−ω, T ) = x̃∗(ω, T ).

Intensity spectrum (power spectrum): Ixx(ω)
.
= lim

T→∞

1

T
|x̃(ω, T )|2 .

Correlation function: Cxx(τ)
.
= 〈x(t)x(t+ τ)〉 = lim

T→∞

1

T

∫ T

0

dt x(t)x(t+ τ).

Spectral density: Sxx(ω)
.
=

∫ +∞

−∞
dτ eiωτCxx(τ).

Wiener-Khintchine theorem: Ixx(ω) = Sxx(ω).

Proof:

Ixx(ω) = lim
T→∞

1

T

∫ T

0

dt′e−iωt
′
x(t′)

∫ T

0

dt eiωtx(t)

= lim
T→∞

1

T

∫ T

0

dτ

[
eiωτ

∫ T−τ

0

dt′x(t′)x(t′ + τ) + e−iωτ
∫ T−τ

0

dt x(t)x(t+ τ)

]
= lim

T→∞
2

∫ T

0

dτ cosωτ
1

T

∫ T−τ

0

dt x(t)x(t+ τ)

= 2

∫ ∞
0

dτ cosωτCxx(τ) =

∫ +∞

−∞
dτ eiωτCxx(τ) = Sxx(ω).
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