Fundamental Equations of Microfluidics 111 ;..

Energy flux:

First law of thermodynamics:

de = Tds — pd(p~") = Tds + %dp,

p: mass density (mass per volume),
e c: energy per mass,

pe: energy density (energy per volume),
e s: entropy per mass,

ps: entropy density (energy per volume).

Energy inside Q: F(Q,t) = / dr[ 3p(r,t)v*(r,t) + p(r, t)e(r,t) ]
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Agents of energy change:

e convection,
e stress forces (pressure, viscous),
e heat conduction.

Rate of energy change (power conversion):

0 0 0 0
EE(Q, t) — aE(Q7 t)conv + aE(Q, t)stre + EE(Q, t)COIld‘

Energy convection:!

2E(Q,i&)coIlV = —/ dan-J. = —/ da njvj[%pUQ + pe],
ot o9 o0

e cnergy flux density: J. = [%pvQ + pe}.

Work of stress forces:

2E<Q> t)stre = / da VgOkjTlj = / dCL[ - péjk + O-I'k] Uk
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!Summation over repeated indices implied.



Heat conduction:

0 oT

—E(Q,t)cona = —/ dan - Jpeat = / dan; k—,

ot o0 P! r;
e Fourier’s law: Jpeat = —KVT,

— T(r): temperature field,
— Jheat(r): heat flux density,

— k: thermal conductivity,

Conversion of surface integrals into volume integrals via Gauss’s theorem
leads to a raw version of the heat transfer equation:

9 0 , oT
a[%plﬂ + pe| = “or, ([%pvz + pe + plv; — olve — lia—r])
=-V- <[%pv2+pe+p]v—a’-v—ﬁVT>.
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energy flux density

Transformation of the left-hand side:

0 ap v, Oe
—[3pv* + pe] = (30 +€) = +pv;—=L +p= .
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(a) Use continuity equation: a—? =— g};ﬂ )
(b) Use equation of motion [pln86],
v; Ov; doy, dp
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and first law,
Py -1 -1 -1 _ -1
d(e+;) - [Tds—pd(p )] + [pd(p ) +p dp} = Tds + p~tdp
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(c) Use first law and continuity equation [pln85]:

Oe T@s pop _ Tas p@(pvj).
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Substitution of (a), (b), and (c):

LA TP _ O, 1., 9% 9s  Os
at[ﬂ” *pe] = o, [(va +p€+p)“ﬂ] g T o iy |

Consolidated version of heat transfer equation (in two distinct notations):

F[0s ., 0s]_ 0y 0 (0T
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=%, "o "ar,
pT %—F(V-VS) =g :Vv+ V- (rVT).
ot T ———
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Sources of heat transfer: (i) viscous friction, (ii) heat conduction.

In microfluidics flow velocities are sufficiently small to make pressure varia-
tions due to motion negligible.

0s  (0s)\ OT [ 0s ds\ ¢
Consequences: 5= (8_T)p g Vs = <8_T)pVT’ <8_T)p =7

Simplified heat transfer equation:

e {%—f + (V-V)T} =0 :Vv+ V- (kVT).

If temperature variations are small then p, k, 7, ¢, can be treated as constants.
The associated heat transfer equation is further simplified into [pex63|:

or n ov;,  Ou 2
— V)T = Dy, V*T — 4+ =
o (V)T =DaVT+ o0 (3rk * arj> ’
e thermal diffusivity: Dy, = o ,
PCp
: oT 2 :
e Fourier’s law: i Dy, VAT (for fluid at rest).

[extracted from Bruus 2008]



