Elastic Energy of Deformation .

Within a continuum description of elastic material calculate
e the deformation free-energy density f(r),

e the deformation free energy F' = [ drf(r).
We consider three successive stages of generality.

1. Orthogonal deformation
Pure extension or compression in three orthogonal directions, expressed
locally as follows:

/ / /
Tp = ATy, Ty = Aoy, T, = A3T.

= f = f(\, A2, A3), independent of position r.

2. Uniform deformation
Linear transformation, expressed locally by deformation gradient tensor
E as follows:
or!

r=E-r or 7 = ; Eoprg, where E,p5= 87";'

Convenient representation:! E = Q - L, where

® > QarQpy =0dap (orthogonal tensor),
o L,z = Ao0os (diagonal tensor),
e det(E) = A\ \3  (determinant of E),

> s E =20 Boa =2, Aa (trace of E-EY).
= f = f(M, A2, A3), still independent of position r.

3. General deformation
Local deformation assumed to be uniform.

= F:/d3rf(E(r)).

Equilibrium deformation from minimization of F' for given boundary
conditions.

ISymmetric tensor B = E - Ef is diagonalized by orthogonal tensor Q: Q- B - Q = L2.
It follows that E-Ef =B = (Q-L) - (L-Q?).



General expression for deformation energy density:
f(E) < Tr(E - E' - 3).

Consider two principal types of deformation:

e shear deformation:
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e tensile deformation:
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where A | = A means incompressibility.

[in part from Doi 2013]

2For later applications to gels.



