
Small Oscillations [mln43]

Consider undamped small-amplitude motion about a stable equilibrium.
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Lagrange equations are linear:
n∑

j=1

mij q̈j +
n∑

j=1

kijqj = 0, i = 1, . . . , n.

The matrices {mij} and {kij} are symmetric.

Ansatz for solution: qj(t) = Aj cos(ωt + φ), j = 1, . . . , n.

⇒
n∑

j=1

(kij − ω2mij)Aj cos(ωt + φ) = 0, i = 1, . . . , n.

Linear homogeneous equations:

n∑
j=1

(kij − ω2mij)Aj = 0, i = 1, . . . , n. (1)

Characteristic equation (nth-order polynomial in ω2):
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The n roots ω2
1, . . . , ω

2
n of the characteristic equation are the eigenvalues

associated with n natural modes of vibration (normal modes).

The normal mode with angular frequency ωk is specified by a set of ampli-
tudes A

(k)
1 , . . . , A

(k)
n . The amplitude ratios for this normal mode are deter-

mined from Eqs. (1):

n∑
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j = 0, i = 1, . . . , n.


