
Partition function of ideal quantum gases [tln63]

Canonical partition function: ZN =
′∑

{nk}

σ(n1, n2, . . .) exp

(
−β

∞∑
k=1

nkεk

)
.

′∑
{nk}

: sum over all occupation numbers compatible with
∞∑

k=1

nk = N .

The statistical weight factor σ(n1, n2, . . .) is different for fermions and bosons:

• Bose-Einstein statistics: σBE(n1, n2, . . .) = 1 for arbitrary values of nk.

• Fermi-Dirac statistics: σFD(n1, n2, . . .) =

{
1 if all nk = 0, 1
0 otherwise

.

What is the statistical weight factor for the Maxwell-Boltzmann gas?
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N !
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)N

=
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)n1
(
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=
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1

n1!n2! . . .
exp
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∞∑
k=1

nkεk

)
.

• Maxwell-Boltzmann statistics: σMB(n1, n2, . . .) =
1

n1!n2! . . .
.

Grandcanonical partition function:

⇒ Z =
∞∑

N=0

zNZN =
∑
{nk}

σ(n1, n2, . . .) exp

(
−β

∞∑
k=1

nk(εk − µ)

)
,

where we have used zN = (eβµ)N = exp

(
βµ

∞∑
k=1

nk

)
.

• ZBE =
∞∑

n1=0

∞∑
n2=0

· · · exp

(
−β

∞∑
k=1

nk(εk − µ)

)
=

∞∏
k=1

(
1− ze−βεk

)−1
.

• ZFD =
1∑

n1=0

1∑
n2=0

· · · exp

(
−β

∞∑
k=1

nk(εk − µ)

)
=

∞∏
k=1

(
1 + ze−βεk

)
.

• ZMB =
∞∑

n1=0

∞∑
n2=0

· · · 1

n1!n2! . . .
exp

(
−β

∞∑
k=1

nk(εk − µ)

)
=

∞∏
k=1

exp
(
ze−βεk

)
.


