Canonical Ensemble ..:;

Consider a closed classical system (volume V', N particles, temperature T').
The goal is to determine the thermodynamic potential A(7, V, N) pertaining
to that situation, from which all other thermodynamic properties can be
derived.

Maximize Gibbs entropy S = —kp / d*N X p(X) In[Cnp(X)]

r
subject to the constraints related to normalization and average energy:
/ dNX p(X) =1, / dNX H(X)p(X) = U.
r r

Apply calculus of variation with two Lagrange multipliers:

(5/ dN X{—kppIn[Cnp| + aop + ayHp} =0
r

= /dGNX Sp{—kpIn[Cnp|] — kg +ap+apH} = 0.
r

= {--}=0= p(X)-%exp(Z—i—l%—Z—ZH(X))-

Determine the Lagrange multipliers o and ay:

/dﬁNXp(X)zl = exp - :L/dGNXeXp a—UH(X) = Zn.
r kp Cn Jr kp

/d6NXp(X){-~-}=0 = S—kp+ay+ayU=0.
T

1 k 1
= U4+ —S=-21nZy. Compare with U — TS =A = ay=—=.
ary ay T
Helmholtz free energy: A(T,V,N)= —kgTInZy.
1 1
Canonical partition function: Zy = — [ d** X exp (-BH(X)), 8= ——.
CN N kBT

Probability density: p(X)

= Zc. &P (-BH(X)).

Canonical ensemble in quantum mechanics:

1
Zy=Tre M=) " p= Z—e*ﬁH, A= —kpTInZy.
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