
Charged Particle in Electromagnetic Field [mln86]

Lorentz force: F = eE +
e

c
v ×B.

Electric field: E = −∇φ− 1

c

∂A

∂t
.

Magnetic field: B = ∇×A.

Velocity-dependent potential energy: U(r,v, t) = eφ(r, t)− e

c
v ·A(r, t).

Lagrangian: L(r,v, t) =
1

2
m|v|2 − U(r,v, t).

Lagrange equations for r = (x1, x2, x3), v = (ẋ1, ẋ2, ẋ3):
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ẋ2

c

∂A2

∂x1

+
ẋ3
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Generalized momenta: pi =
∂L

∂ẋi

= mẋi +
e

c
Ai.

• pi: canonical momenta.

• mẋi: kinetic momenta

Hamiltonian: H(r,p, t) =
3∑

i=1

piẋi − L =
1

2m

∣∣∣p− e

c
A(r, t)

∣∣∣2 + eφ(r, t).

Relativistic mechanics:

• Momenta: [mln63]

• Hamiltonian: H(r,p, t) =

√∣∣∣p− e

c
A(r, t)

∣∣∣2 + m2
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4 + eφ(r, t).


