
Variational Principle in Phase Space [mln83]

Hamilton’s principle: variations in configuration space.

δJ
.
= δ

∫ t2

t1

dt L(q1, . . . , qn; q̇1, . . . , q̇n; t) = 0,

where δqi = 0 at t1 and t2.

⇒ Lagrange equations:
∂L

∂qi

− d

dt

∂L

∂q̇i

= 0, i = 1, . . . , n.

Derivation: [mln78], [msl20].

Modified Hamilton’s principle: variations in phase space.

δJ
.
= δ

∫ t2

t1

dt

[
n∑

i=1

piq̇i −H(q1, . . . , qn; p1, . . . , pn; t)

]
= 0,

where δqi = 0 and δpi = 0 at t1 and t2.

⇒ Canonical equations: q̇i =
∂H

∂pi

, ṗi = −∂H

∂qi

, i = 1, . . . , n.

Derivation:

δJ =

∫ t2

t1

dt
n∑

i=1

[
piδq̇i + q̇iδpi −

∂H

∂qi

δqi −
∂H

∂pi

δpi

]
= 0;

use

∫ t2

t1

dt
n∑

i=1

piδq̇i =

[
n∑

i=1

piδqi

]t2

t1︸ ︷︷ ︸
0

−
∫ t2

t1

dt
n∑

i=1

ṗiδqi;

⇒
∫ t2

t1

dt

n∑
i=1

[(
q̇i −

∂H

∂pi

)
δpi −

(
ṗi +

∂H

∂qi

)
δqi

]
= 0.


