Central Force Motion: Two-Body Problem ..

Mechanical system with six degrees of freedom:
Consider two masses my, mo interacting via a central force.

Central-force potential: V(ry,re) = V(|r; — rol).
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Lagrangian of two-body problem: L = émlif + §m21"§ — V(|r1 —ral).

Conservation laws inferred from translational and rotational symmetries:

1 . 1 .
e Energy: E = §m1r% + §m2r§ + V(|ry — o).
e Linear momentum: P = p; 4 po = myT1 + mals.

e Angular momentum: L =r; X p; +ry X ps.

Reduction to three degrees of freedom:
" . myry + mer
Center-of-mass position vector: R = ST e
my + Mo
Distance vector: r =rg — ry.
Total mass: M = m; + ms.

. Mmims
Reduced mass: m = ———.
mi + my

Lagrangian (after point transformation):

: 1., 1
L= Ly(R) + Ly(r,#) = gMR? + omi® =V (|r]).

. 1 .
Center-of-mass motion: Ly (R) = §M R?.

e I, Ry, R, are cyclic coordinates.

e Conserved center-of-mass momentum: P = MR = const.

e Uniform rectilinear center-of-mass motion: R(t) = Rg + i t.
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Effective one-body problem: L,,(r, 1) = gmi” = V(r|).

e Three degrees of freedom.

e Particle of mass m moving in a stationary central potential V' (|r|).



