Linearly Damped Harmonic Oscillator .q

Equation of motion: mi = —kx —y& = 7+ 2087 + wiz = 0.

Damping parameter: [ =/2m; characteristic frequency: wy = /k/m.

Ansatz: x(t) =€ = (r*+208r+wj)e =0 = ry=—F+1/8% - Wi

Overdamped motion: Q; =./3%2 —w2 >0

Linearly independent solutions: "™+, e"-*.

General solution: z(t) = (Ayet + A_e=™1t) 7P,

Initial conditions: A, = (&g — r_x0)/20, A_ = (ryxo— &o)/28.

Critically damped motion: /w?—(2=0, r=-p
Linearly independent solutions: e, te™.
General solution: x(t) = (Ag + Ast)e P

Initial conditions: Agq = g, A; = &g+ [xo.

Underdamped motion: w; = \/W >0

Linearly independent solutions: "™+, e

General solution: z(t) = (Acoswit + Bsinwit) e P = D cos(wit — §)e .
D =+/A2 4+ B2 § = arctan(B/A).

Initial conditions: A = xo, B = (&g + fxo)/wi.

The dissipative force, —~vi, effectively represents a coupling of one low-
frequency oscillator to many high-frequency oscillators.



