
Linearly Damped Harmonic Oscillator [mln6]

Equation of motion: mẍ = −kx− γẋ ⇒ ẍ+ 2βẋ+ ω2
0x = 0.

Damping parameter: β ≡ γ/2m; characteristic frequency: ω0 =
√
k/m.

Ansatz: x(t) = ert ⇒ (r2 + 2βr + ω2
0)ert = 0 ⇒ r± = −β ±

√
β2 − ω2

0.

Overdamped motion: Ω1 ≡
√
β2 − ω2

0 > 0

Linearly independent solutions: er+t, er−t.

General solution: x(t) =
(
A+e

Ω1t + A−e
−Ω1t

)
e−βt.

Initial conditions: A+ = (ẋ0 − r−x0)/2Ω1, A− = (r+x0 − ẋ0)/2Ω1.

Critically damped motion:
√
ω2

0 − β2 = 0, r = −β

Linearly independent solutions: ert, tert.

General solution: x(t) = (A0 + A1t)e
−βt.

Initial conditions: A0 = x0, A1 = ẋ0 + βx0.

Underdamped motion: ω1 ≡
√
ω2

0 − β2 > 0

Linearly independent solutions: er+t, er−t.

General solution: x(t) = (A cosω1t+B sinω1t) e
−βt = D cos(ω1t− δ)e−βt.

D =
√
A2 +B2, δ = arctan(B/A).

Initial conditions: A = x0, B = (ẋ0 + βx0)/ω1.

The dissipative force, −γẋ, effectively represents a coupling of one low-
frequency oscillator to many high-frequency oscillators.


