
Laplace-Runge-Lenz Vector [mln45]

Central force: F(r) = −∇V (r).

Equation of motion: ṗ = F (r)
r

r
.

Angular momentum: L = r × p = mr × ṙ.

Conservation law: L̇ = ṙ × p + r × ṗ = 0 ⇒ L = const.
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r(r · ṙ) − r2ṙ
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We have used a × (b × c) = b(a · c) − c(a · b), r · ṙ =
1
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(r · r) = rṙ.

Kepler system: F (r) = −
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Laplace-Runge-Lenz vector: A = p × L − mκ
r

r
= const.

The vector A lies in the plane of the orbit, points to the pericenter, and has
magnitude A = mκe, where e is the eccentricity of the orbit.

L ⊥ p × L and L ⊥ r ⇒ A ⊥ L.

A · r ≡ Ar cos ϑ = r · (p × L) − mκr = L · (r × p) − mκr = `2
− mκr.
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assumes its maximum value for r = rmin (pericenter).
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