
Routhian Function [mln39]

Goal: systematic elimination of cyclic coordinates in the Lagrangian formu-
lation of mechanics.

Consider a system with n generalized coordinates of which the first k are
cyclic.

Lagrangian: L(qk+1, . . . , qn, q̇1, . . . , q̇n, t) ⇒ q1, . . . , qk are cyclic.

Routhian: R(qk+1, . . . , qn, q̇k+1, . . . , q̇n, β1, . . . , βk, t) = L−
k∑

i=1

βiq̇i.

where the relations βi =
∂L

∂q̇i
= const, i = 1, . . . , k are to be inverted into

q̇i = q̇i(qk+1, . . . , qn, q̇k+1, . . . , q̇n, β1, . . . , βk, t), i = 1, . . . , k.

Compare coefficients of the variations

δR =
n∑

i=k+1

∂R

∂qi
δqi +

n∑
i=k+1

∂R

∂q̇i
δq̇i +

k∑
i=1

∂R

∂βi
δβi +

∂R

∂t
δt,

δ

(
L−

k∑
i=1

βiq̇i

)
=

n∑
i=k+1

∂L

∂qi
δqi +

n∑
i=k+1

∂L

∂q̇i
δq̇i −

k∑
i=1

q̇iδβi +
∂L

∂t
δt.

Resulting relations between partial derivatives:

∂R

∂qi
=
∂L

∂qi
,

∂R

∂q̇i
=
∂L

∂q̇i
, i = k + 1, . . . , n,

∂R

∂t
=
∂L

∂t
; q̇i = −∂R

∂βi
, i = 1, . . . , k.

Lagrange equations for the noncyclic coordinates:

∂R

∂qi
− d

dt

∂R

∂q̇i
= 0, i = k + 1, . . . , n.

Time evolution of cyclic coordinates:

qi(t) = −
∫
dt
∂R

∂βi
, i = 1, . . . , k.


