
Euler’s Equations [mln27]

Equation of motion in inertial frame:
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Equation of motion in (rotating) body frame:
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Proof:
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Use ėi = ~ω × ei. ⇒ N =
∑
ij

Iijω̇jei + ~ω ×
∑
ij

Iijωjei.

Choose body frame with principal coordinate axes: Li = Iiωi, i = 1, 2, 3.

Euler’s equations:

I1ω̇1 − ω2ω3(I2 − I3) = N1

I2ω̇2 − ω3ω1(I3 − I1) = N2

I3ω̇3 − ω1ω2(I1 − I2) = N3

A purely rotating rigid body has 3 degrees of freedom.
The associated Lagrange equations are three 2nd order ODEs.

The solution via Euler’s equations proceeds in two steps:

1. Euler’s equations themselves are three 1st order ODEs for ω1, ω2, ω3.

2. The transformation to the inertial frame, ωi = ωi(φ, θ, ψ; φ̇, θ̇, ψ̇) amounts
to solving another three 1st order ODEs.


