
Driven Harmonic Oscillator III [mln107]

No damping and arbitrary driving force.

Equation of motion: mẍ+ ω2
0x = F (t),

Complex variable: ξ(t)
.
= ẋ(t) + ıω0x(t) ⇒ ξ̇(t)− ıω0ξ(t) = F (t)/m.

Ansatz: ξ(t) = B(t)eıω0t ⇒ Ḃ(t) =
1

m
F (t)e−ıω0t.

Solution: x(t) =
1

ω0

=[ξ(t)], ξ(t) = eıω0t

[
1

m

∫ t

0

dt′F (t′)e−ıω0t′ + ξ0

]
.

Instantaneous energy at time t or total energy absorbed at time t if oscillator
is initially at equilibrium (x0 = ẋ0 = 0):

E(t) =
1

2
mẋ2 +

1

2
mω2

0x
2 =

1

2
m|ξ(t)|2 =

1

2m

∣∣∣∣∫ t

0

dt′F (t′)e−ıω0t′
∣∣∣∣2 .

Constant force switched on: F (t) = F0Θ(t).

x(t) =
F0

mω2
0

(
1− cosω0t

)
, E(t) =

F 2
0

mω2
0

(
1− cosω0t

)
.

Force performs positive and negative work in alternation.

Fading force switched on: F (t) = F0e
−αtΘ(t).

x(t) =
F0

m(ω2
0 − α2)

[
e−αt − cosω0t+

α

ω0

sinω0t

]
.

E(t) =
F 2
0

2m(ω2
0 + α2)

[
1 + e−2αt − 2e−αt cosω0t

]
.

Constant force switched on and then off: F (t) = F0Θ(t)Θ(T − t).

x(t) =
F0

mω2
0

[
cosω0(t− T )− cosω0t

]
(t ≥ T ).

E(t) =
2F 2

0

mω2
0

sin2 ω0T

2
= const (t ≥ T ).


