[gex70] Laplacian operating on vector field

Consider a vector field stated in rectangular coordinates as follows:
Vo(z,y,2) =2 i+9°2)+ 222 k.

(a) For Cartesian coordinates, the Laplacian operating on a vector is equivalent to the vector sum
of Laplacian operating on each coordinate treated as a scalar.

VQVT = vzvrm i + Vz‘/ryj + VQ‘/TZ IA{

Verify this relation. The Mathematica commands Laplacian[V,(x,y,z), {x,y, z},” Cartesian”] works
for vectors and scalars. This relation does not extend to curvilinear coordinates.

(b) Express the vector field V,.(z,y, 2) as V.(p, ¢, z) in cylindrical coordinates and as Vi(r,0, ¢) in
spherical coordinates.

(c) Use the commands,

Laplacian[V.(p, ¢,2),{p, ¢, z},” Cylindrical’], Laplacian[Vs(r, 8, ¢), {r, 0, ¢},” Spherical”],

to calculate vectors representing the Laplacian of V in cylindrical and spherical coordinates.
(d) Show for all three sets of coordinates that the Laplacian operating on a vector (as executed
by Mathematica) is equivalent to the following combination of the differential operators gradient,
divergence, and curl:

VEV =V(V-V) -V x (VxV).

Use the corresponding Mathematica commands for this demonstration. The right-hand side of this
identity is used as the definition of Laplacian applied to vectors in curvilinear coordinates.

Solution:



