Spherical Harmonics s

Any function g(6, ¢) defined on the unit sphere and expressed by polar angle
0 and azimuthal angle ¢ can be expanded as a series of spherical harmonics:
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Spherical harmonics are a complete set of orthonormal functions, composed
of associated Legendre functions for 6 and harmonic oscillations for ¢:
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Associated Legendre functions:
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~ Relation to polynomials: P/™(u) = (—=1)"™(1 — u*)™?—Pj(u).
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— Rodrigues’ generator: P™(u) =
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— Case m = 0: PP(z) = B(z).
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— Relation: P (u) = (—=1)™
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Attributes of spherical harmonics:
— Complex conjugate function: Y} (6, ¢) = (—1)"Y, _,,,(6, ¢).
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— Orthonormality: / dgb/ dOsin0Y; ,(0,0)Yin(0,0) = S1i0mm.

— Completeness: Z Z Y (0,8 Yi(0,0) = 6(¢p — ¢')d(cos @ — cos@').
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Addition theorem for spherical harmonics:
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where v is the angle between position vector x with angular coordinates 6, ¢
and position vector x’ with angular coordinates ', ¢’. The angles are thus
related as follows: cosvy = cosf cos 6 + sinfsin @ cos(¢p — ¢').

Sum rule emerging in the limit v — 0:
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Application to electostatic potential of point charge:
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where - and r~ are the magnitudes of the shorter and longer vectors x and
X', respectively.



