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Radiat ion I ln19]

Electric charges at rest generate a time-independent electric field. Steady
currents generate a time-independent magnetic field.

A charged particle moving at constants velocity produces electric and mag-
netic fields that move along with the particle in a time-independent pattern.

It takes electric charges in accelerated motion to produce radiation — an
electromagnetic wave propagating away from its source. Alternating currents
are one realization of electric charges in accelerated motion.

D’Alembert equations for scalar and vector potentials:

We start from Maxwell’s equations for the electric field E and magnetic field
B in the presence of ideal sources p (charge density) and J (current density),

v.E-L vxp-_-2B
€0 ot
OE
VBZO, VXB:MO(J‘FEOE),
and their transcription into the D’Alembert equations,
1020 p 1 0?A
— Vo + =" VA4 S =] 1
+ c2ot? g + 2o Hod (1)

for the scalar potential ® and vector potential A in the Lorenz gauge and
the sources satisfying the continuity equation:

109 dp

Earlier analysis for time-independent situations:

<?, ~V2A(x) = pod(x)

€

~ Poisson equations: —V?®(x) = P
1

)z—%ﬂx—f%

— Mathematical identity: V?
|x — x|
1

/
— Scalar potential: ®(x) = 1 /d%'%.
T€o X — X

J /
— Vector potential: A(x) &/d‘?’x'ﬁ

T i Ix — x/|
o Op
— Conditions for ources: V -J =0, 5% 0.



Retarded potentials:

Generalization to situations with harmonic time-dependence (artificial from
a physical perspective, but useful from a mathematical perspective):

— Oscillating charge density: p(x,t) = p(x)e ™",
wt

— Ansatz for scalar potential: ®(x,t) = ®(x)e”

— D’Alembert equation becomes Helmholtz equation:

19*¢  p - p(x) w
Vo4 S — == — (V2 + k)P (x) = k==,
* 2 ot2 ¢ = (V4 ) (x) € c
— Linear (differential) operator: £ = —(V? + k?).
— Green’s function associated with Helmholtz equation: [lex111]
LG —) = dmilx—x) = Glx—x) =
X —X)=4n0(x — x X—X)=——.
[x — x|

~ 1
— Solution of Helmholtz equation: ®(x) = 1 /dgx'G(x —x')p(x').
TEQ

= LO(x)

/d3x' LG(x —x')p(x) = P
—_——

4 (6(x—x")

4meq

— Scalar potential inferred from this solution:

@(X t) — L d3x/M e—zwt—l—zk(x_x’) _ 1 /d3x’p(X/’t/)
7 47eq |x — x/| A7eg x —x/|

x — x|

— Retarded time: —wt +1k(x —x') = —wt’ = t'=t¢
c

— Current density: J(x,t) = J(x)e ™"

J(x',t
— Vector potential: A(x,t) = Z—O /de’ (1)

7r Ix — x|’

~ Condition for sources: V -J = wp.



Fourier integrals:
Generalization to situations with unrestricted time evolution.

The superposition of solutions oscillating at different frequencies can be ex-
pressed as a Fourier integral.

— Charge density and current density:

+oo 1
pict) = [ dopirw)e ™ @ pixw) = oo [ o,
_ T

o

+o00 B B 1
J(x,1) :/ dwJ(x,w)e ™" & J(x,w) = Q—/dtJ(x, t)e™t,

00 ™

— Superposition principle applied to scalar and vector potentials:

| e e
D(x,t) = / doo e~ / )

dmey J_o x — x|
e L a4 1 I —ww(t—|x—x'|/¢) ~( !
47T€0/ v x — x| /OO we p(x',w)
. 5, p(xXt—|x—xX1/c)
- 4meg /d v x — x| (2)
1 +o00 / j ,
At = o [ awet [ 16
dmey J_ oo x— x|
+o0
kzg/c ]- / dsx/ 1 / dw e_lw(t_‘x_x/vc)j(X/’ w)
4Teg x—x| )
1 3 J(X/7t_|X—X/|/c)
- 4reg /d v |X _ X'| (3)
[lex112]

_ /
— Retardation: ¢/ =t — [x —x |
c

— Condition for sources: V' - J(x', ') = —%p(x’, t').

The potentials ® and A at field point x and time ¢ depend on the sources
p and J, respectively, at source point x’ and delayed time ¢', which depends
on the distance |x — x/|.

The usefulness of solutions (2) and (3) of the D’Alembert equations (1) is
limited to situations for which the potentials are caused by known sources.

In general, sources and potentials (and the fields derived from the potentials)
perform an interactive dance with time-delayed causations both ways.
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Radiation from electric dipole:

The general integral expressions for the retarded potentials ®(x, ) and A(x,t)
are the basis of antenna theory — a broad area of electrical engineering.

The structure of electric and magnetic fields changes with distance from the
source of radiation. The radiation zone — far away from the source — is of
primary interest in most applications.

Prototype radiation source: a very localized region of current density J(x',t).

Analysis of field expressions at large distances |x| = r from the source
(asymptotic regime, |x| > 1 - x/).

z
1 ~ 1 /"‘t FITWD
[x — x| |>1<| —f >; B
B

= T < SR P&
Ix|1—1-x'/[x] x4
1 r-x I.; ¥ Sounars
x| x| et

Integral expression for asymptotic vector potential:

A, s = 10 /d3x’J(x',tT), fo=t— L,

Arr c

The variation of the retarded time ¢, across the source is disregarded. This
assumption is justified if the wavelength of the radiation is large compared
to the size of the source.

In electrostatics, electric dipoles originate in charge densities. In electrody-
namics, charge densities p(x,t) and current densities J(x,?) are related to
each other by the continuity equation.

In consequence, the time-dependence of electric dipoles can be inferred from
p(x,t) or from J(x,t):

p(t) = /d%'x’p(x’,t), %p(t) = /d%'.](x’,t).

Asymptotic vector potential from electric dipole moment:

fo dp
= A(X, t)as = ﬁ E

5
tr
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Magnetic radiation field from B(x,t).s = V X A(X,t);aq-

— Ignore spatial derivatives acting on factors 1/r. They yield contribu-
tions which are negligible in radiation zone.

d
— Transform curl using chain rule: V x d_It)

d’p

abp [lex114]
dt?

= Vi, X

28

28

~

— Evaluate gradient: Vi, = —E.
c
d2
Ho . % P

- Radiati tic field: B(x, t)saq = —
Radiation magnetic fie (X, t)rad Tl X

tr

Scalar potential inferred from Lorentz gauge condition: [lex115]

0 poc . dp
Yo—_2v.A B(x, t)raq = H0C 5. P
ot v = P raa 47rrr dt

tr

A
Electric radiation field from E =cB xr or E = _OA Vo: [lex222][lex223]

ot
o [ (. d°p d’p
E(X, t)raa = 42 LEPpy 2P
(%, t)raa 4o [r (r dt? n) di? |,

The transverse direction of the radiation fields follows from the vanishing
scalar products, E(X,t)pq - T =0 and B(X,t)paq - T = 0.

Notice that the ~ r~! dependence of the (asymptotic) electric radiation field
due to a dynamic electric dipole is different from the ~ r=3 dependence of
the electric field generated by a static electric dipole.

1
Poynting vector from S = —E x B: [lex116]

Mo
—(r  — I.
tr dt2 tr

c d?

st = el (8

Notice the radial direction of S in the radiation zone.

Total power of radiation from P(r,t) = %dQ 721 S(X, 1) rad: [lex116]
) 2
tr

Energy conservation makes this quantity independent of distance.

to [ d°p
~ P@):%(W




Hertzian dipole (special case):

Harmonically oscillating electric dipole moment placed at the origin of a
spherical coordinate system, oscillating in +z-direction (North-South at the

center of a sphere):
p(t) = po cos(wt) z.

Magnetic radiation field (directed East-West on the surface of the sphere):

Ho . dzp H0W2p0 . -
rx —| =-— sin 6 cos(wt,) .
drre dt? . dmre (wtr) ¢

Bed (X7 t)rad = -

Electric radiation field (directed South-North on the surface of the sphere):

u0w2p0 7

Eeda(X,t)rad = Bed(X,t)rag X T = — - sin 6 cos(wt,) 6.

Poynting vector (directed radially outward):

1 w4p2
Sed(x7 t)rad - %Eed(X, t)rad X Bed(X7 t)rad - (ILZ:OWT)QOC

Intensity (average power per unit area transported locally):

T.={(|S _ u0w4p(2) . 29 2
ed = (|Seal) = (A2 sin® @ (cos” (wt,)) .
1/2

Differential power (transported per solid angle):

dpé\ezd) 2 A M0W4p% .. 92 3Pz§$d) .92
o = (|Seal) = g2, Sl 0= 5, Sib 6.

Average power (averaged over directions):

™ dpled 4,2 pm 4,2
PV = on / dfsin 0 = B B / dfsin® g = H2 L0
0 0

av

dQ 167c 127c
N————’
4/3
N ~ . P 4 G ~ A
I xXz=—¢sind Pl o AR N N
/ S \ A \\/'
~ N A { \ |y
¢ X f' == 0 / :o "ﬁa\
_____ sl SR g
R R e '@ /;5/“\\\‘
. . =" B -
Ox¢p=r |/ . N
t\ il [ /,
‘ - SouRCt ! /

sin? @ cos®(wt,.) T.

[lex117]



Radiation from magnetic dipole:

A conducting loop of area A carrying an alternating current /(t) emits mag-
netic dipole radiation.

— Small flat loop of area A in xy-plane at origin of coordinate system.

wt

— Alternating current: I(t) = Ipe™
— Electric dipole is absent: p(t) = 0.

— Magnetic dipole moment: m(t) = Alpe ™"z = mgpe™ ™" Z.

— The vector m(t) is oscillating up-down at the center of a sphere.

— Assumption that loop is small: VA < A = 2r¢/w.

to [ W00t b))

A |x — x|
/

— Current density expanded using |[x — x'| ~r —x’ - r:

— Vector potential from (2): A(x,t) =

/A a
It — [x —X|/e) = I ) + 2 S J(K,t,), to=t—
ot, c
o . e 3.0 ' dp
— First integral vanishes if p =0 [lex113]: | d°2"J(X',t,) = 2l = 0. [lex113]
tr
[In12] — Result from earlier: /d?’x' (x' - 1) J(X',t,) = m(t,) x T
— Second integral evaluated in steps, using z X r = cAb sin 6:
Ko 3 1/l o 0 ! Mo 0 N
A (X, 1) e = d : J(x',t,) = — t.) X
4%, t)rad 47rrc/ v (1) ot, (< 1) 47re O, m(t) x ¥
e ol m(t,) X = OO —ret=r/e) i, b.
drre 4drre

Radiation vector potentials generated by electric and magnetic dipoles:

oW ~
Aed (Xa t)rad = - /ifﬂ_fo e—zw(t—r/c) z,
oW, ~ m
A (X, ) rad = _%e—w“—r/@ sinf ¢ = C?ZAed@c, )rad X T

ZXT

The relative power of radiation sources originating in electric and magnetic
dipoles is controlled by the dimensionless ratio, mq/cpo.

In sources with py > 0, the dominant role is likely taken by the electric dipole.
The contribution of the magnetic dipole is suppressed by a factor c.
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Radiation fields of magnetic dipole:

2

mo . HoWTmyg . gy
Ena(X, t)rad = — Eeq(X, t)raq X T = ———— sin § cos(wt,.) ¢,
cPo mre
2
mo . How™ Mg, 0
Bmd(X, t)rad = C—pOBed(X, t)rad Xr= _W SlHOCOS(WtT) 0.
7 = " A
. ) e 4
A / \ B A
dpxr=20 ( / .\”‘/ﬂ\}
4 * -“N\\
A DS N - i s S i s A\ ¢
0 XTr= ¢ e g |€; ; & i \
. el g
i\ e & ’ //
\ 5 SOURCH 'l /

Poynting vector (directed radially outward):

1 wim? .
Simd(X, t)rad = —Emda(X, t)rad X Bmda(X, t)raq = Ho 0 sin? 9COSQ(wtr) r.

Lo (47r)2c?

Intensity (average power per unit area transported locally):

4,2
How My

. .2 2
Ina = (|Smal) = msm 0 {cos”(wt,)) .

1/2

Differential power (transported per solid angle):

4, 2 3 P;gfld)
_ HoW Mg . 20 = — 2 ¢in?0.
32723 T

apY
dQ)

= £ {|Sal)

Average power (averaged over directions): [lex117]

7r dpa(gld) 4,2 rw 4,2
pd) = o / dfsin 6 _ How My / dfsin® g = 220
0 0

av ds? 167c3 1273
/3
4




Electric dipole radiation at arbitrary distance:

Electric dipole is still treated as point source (indicated by subscript as). The
distance r between source and field points compared the wavelength A can
be large (indicated by subscript rad), small, or comparable.

— Point-like electric dipole: p(t) = p(t) z.

d
— Asymptotic vector potential: A(x,t),s = Ho 2P , to=1— r
drr dt |, c
— Conversion to spherical coordinates:
A(X, ) = %p’(u) z= élluTOrp,(tT) [cos@f‘ — sin@é} :
— Asymptotic magnetic field from B =V x A: [lex224]
po [P'(t) P s
B(x,t)as = - [ - + - sin 6 ¢.
. . . OE 5
— Asymptotic electric field from Ampere’s law, = c*V x B: [lex224]
0 [oc? 20'(t)  2p"(t) .
EE(X’ t)as = ﬂ cos 3 + o2 r
/ tr /! t’r /11 tr .
+sin6<p(3)+p (2) —l—p 2( ))01 :
r cr cr
2 !
poc 2p(ty) | 20'(8) .
= E(x,t).s = e [COS@ ( = + el B
tT‘ / tr /! tr R
N CCNTNTAR)
r cr cr

— Far-field regime: terms of order p” /r are dominant. Such terms exist in
E and B. Both fields are transverse to radial direction of propagation.
This is the radiation zone.

— Near-field regime: The dominant term is of order p/r3, which exist only
for E. It reflects the instantaneous electric field of an electric dipole.  [lex224]

— Intermediate-field regime: Here the configuration of electric and mag-
netic fields is more complex.



Half-wave linear antenna:

Antenna has length ¢. It is positioned with its center at the origin of the
coordinate system and oriented along the z-axis. It carries a (model) current,

I(z,t) = Iycos(kz) sin(wt), k= %, w=kec= 7%

The relation A = 27 /k = 2¢ expresses a resonance condition.

Vector potential expression adapted:

T2 I(2t—R()/c) -
A(x,t) = Ho / dz' (. ()/c) k, R(Z)=+Vr?—2rzcosf + 2.

4 2/2 R(2')
Far-field regime: R(z2') ~r — 2’ cos6 L1
BIme: - " R(z)
Vector potential in radiation zone, using ¢ = 7 /k:
+4/2 ot 0
Al s = 220 [ ar (0= P20
ar )/ c
T +4/2
= Hoo dz' cos(kz") sin(wt — kr — kz' cos 0)
amr g9

pioly cos (% cosd)
2nkr  sin’#

Radiation fields and Poynting vector:

sin(kr — wt) z.

pio1o cos (5 cos ) .

B t)raa = A 3 U)rad = . kr — wt ’
(X, t)rad = V X A(X, t)rad T cos(kr —wt) ¢
_ cuglycos (Z cosb) .

E(X, t)rad = (B(X, t)oq X T = : kr — wt) 8,

(X,t)rad = ¢B(X,1)aq X T Srr p—; cos(kr — wt)
2
1 cuold [ cos (5 cosf) ) .
S(X,t)rad = ,u_oE x B = 123 e~ cos” (kr — wt) r.
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Radiation from an accelerated charged particle:

A particle with electric charge ¢ has instantaneous position x,(t).

X, W

— Particle velocity and acceleration: v = , a=—.
dt dt

— Charge density: p(x,t) = ¢d(x — x,4(t)).
— Current density: J(x,t) = qv(t)d(x — x4(1)).

— Continuity equation, V - J + % = 0, is satisfied:
dp
Vev=0 = V- -J=gqv-d(x—x,(1)), 5 = qVi(x — x4(t)) - (—v).

— Electric dipole moment: p(t) = /dgx xp(x,t) = qx,(t).

— Distance vector between source and field point: R(t,) = x — x,(t,).
— Retarded time from ¢, =t — |R(¢,)|/c.

— Magnetic radiation field from earlier expression for electric dipole:

N
MORX p

g R() x alt)
Amre dt? ’

dre  R(t,)

B(X7 t)rad = -

tr
— Electric radiation field: E(X,t)aq = ¢ B(X,t)raq X f{(tr).

— Poynting vector:

1 U0q2 2 S\2 | B
S(X, t)rad = %E(X, t)rad X B(X, t)rad = m [a — (a . R) i| R.

~ Instantaneous power radiated: P(t) = R*(t,) 7{ dQS(t) - R(t,).

1 2¢%d’(t)

— Larmor formula: P(t) = 1 303
TEQ C
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Light scattering from bound charged particle:

An incident plane electromagnetic wave agitates a charged particle (e.g. an
electron with mass m and charge —e) bound to a location in space (e.g. an
atom in a crystal).

The resulting accelerated motion of the charged particle generates a radial
wave with a specific angular profile (in the radiation zone). Effectively, light
is scattered by matter.

bbb i 1 e
{..» }_,,% E %ﬁf z
11 | B
: !\§ P | i /
i £ 5 i A
\ N
1ol
I\ ;\32 {
\ N B
i i ! 1 i ™
Y L '-«w -—-» gm» %—-» - iwv

Model analyzed in the following: damped harmonic oscillator driven by pass-
ing plane electromagnetic wave.

— Oscillating electric field of incident plane wave at position of charged
particle: Ege "1 (dominant driving force).
2

T
— Equation of motion: m—— = —Kx — v— — eFye”
d WTE Tt 0

wt

— Natural frequency of oscillation: wy = /£ (resonance frequency).

— Steady state solution of this linear ODE (e.g. via Fourier analysis):

_eEoe—zwt
m(ws — w?) — 1w

z(t) =R

—eBym(w? — w?) —eEyyw

— O B R cos(wt) + TR CR I sin(wt).
d*x
cceleration: a(t) e
Erw?(w? — w? Fovis?
= a(t) = e (WO d ) COS(wt)—F CE0Tw sjn(wt).

m2(w8 _ w2)2 + ’}/2(,02 mQ(Mg _ UJ2)2 + ’72(,02
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— Average power radiated as predicted by Larmor formula:!

et Eawt

T 127me M (W — w?)2 + 422

Pav = <P(t>

2
e
— (Classical electron radius:? r, = ~ 2.8 x 10~ ¥m.

 Adregme?

EyB 1

00 = —CEoEg .

2/,60 2

— Scattering cross section defined as average power radiated per incident
beam intensity:

[lIn15] — Incident beam intensity from earlier: (|S|) =

P,  8mr? wt

(s 3 (W —w?)?+ (yw/m)*

8rrr? !
— Rayleigh scattering (w < wp): Oray = % (i) ]
Wo

— Resonant scattering (w =~ wy): sharply peaked for v/m < wy.

8 2
™e 6.6 x 10-2m2.

— Thomson scattering(w > wp): Orho =

Rayleigh scattering explains why the sky is blue and the sunset red. For
Thomson scattering the binding and the damping are negligible; the charged
particles respond as if they are free.

At yet higher frequencies (hw =~ mc?), quantum effects become critically
important. This is the regime of Compton scattering.

'For the time averaging we use (cos®(wt)) = (sin?(wt)) = i

2The classical electron radius is an artificial construct. The electron is assumed to be a

sphere of radius r, with charge —e uniformly distributed across its surface. The electro-

static self-energy e?/(4megre) is then equated with its rest energy mc?.
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