Quantization of the Electromagnetic Field ...,

The purpose of this elementary introduction is tailored toward the needs of
quantum optics. QED will later be introduced more systematically.

We consider a region of free space in the form of a cube of volume V = L3
with periodic boundary conditions imposed. There are no sources present:
p=0,J=0.

From [lIn15] we know that the (dynamic) electric and magnetic fields can by
derived from a vector potential A(r,t), which satisfies the wave equation,

1 92A 1
2A — — =0 -
v ¢ Ot? ’ ¢ 60/.1/0,
via derivatives as follows:
O0A
E(I',t) :_W’ B(I',t) =V x A.

The electromagnetic field energy is
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The wave equation is linear and of 2"¢ order. The variables r and ¢ can be
separated by a product ansatz.

The general solution can be (Fourier) expanded into orthonormal transverse
plane-wave solutions:
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— spatial part of vector potential: g (r) = ére’™ ™,
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— wave vector: k = (ky, ky, k) = %(nm,ny,nz), n; = +1,£2, ...,

— polarization vectors: k-exy =0, e€xy-exv =0y, A=1,2,
~ right-handed triad: éx;, €x, k=k/k,
— spatial components é,,, i=x,v,z,
kik;
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— orthonormality: V/ d>r Uy, (1) - wen (r) = OO,
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— ODE for temporal part: [CQk‘Q — @} Axa(t) =0,

— solution of ODE: Ay, (t) = Axe ™, wy = ck,

The vector potential A(r,t) is real by construction as will be the electric and
magnetic fields inferred via temporal and spatial derivatives, respectively:

B(r, 1) = —o A1) = 0 3 o[ A (1) — Ay (s ()],

B(r.f) = V x A(r,f) =13 _kx [Ak,\(t)ukk(r) - Al*(,\(t)ulﬁ/\(r)].
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Electromagnetic field energy is conserved:

U = eV Y [ A (1) + A () Aa ()]
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Transformation (in two steps) of Fourier amplitudes into real variables:
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Transformed electromagnetic energy:
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Plane-wave solutions are equivalent to independent modes of harmonic oscil-
lations. The real variables gy, pxa are canonical variables.

The quantization of canonical variables is a standard affair. The g\, pxy are
replaced by Hermitian operators, Qx», Py, With commutation rules,

[Qwx, Px] = thdk b, [Quas Qux| = [P, Px] = 0.

The quantization of the transformed Fourier amplitudes axy, o5, produces
boson creation and annihilation operators ay,, ab:
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The commutation rules for boson ladder operators are:
[ains @] = Sigedrns  [ao, awn] = [ay, aly] = 0.
Number operator: Ny, = aL)\akA.
= [, Mon] = a0k e/ O\ [GL,\aNk’/\’] = —GL,\5k,k/5A,A/-
Hamiltonian of the quantized electromagnetic field:
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Photon number states |ny,) of any given mode are eigenvectors of the quan-
tum harmonic oscillator:

NMalna) = malna),  na=0,1,2, ...
Action of ladder operators:
CL]T()\|nk)\> =V + L+ 1), aalne) = Vi o — 1).
Spectrum generated from the ground state |0) (physical vacuum):
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Quantized expressions for the vector potential and the fields:
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Each term in the sum represents a single plane-wave mode. The two terms
of the electric field in each mode are adjoints of each other, which makes the
sum Hermitian:

E(r,t) = EM(r,t) + EO(r,t), EWM(r,t) = E(r, ).



Construction of photon number states in the form of tensor products:

Hra}) = [migan) @ [niga,) @ -+

— This construction is named occupation number representation. It is

also known as second quantization.

The quantized electromagnetic field consists of an infinite set of oscil-
lators, parametrized by k and A.

The set of oscillators is infinite even if the electromagnetic field is con-
fined to a finite volume V' and irrespective of the boundary conditions.
This is due to the fact that the field exists in a continuous space.

The eigenvectors |[{nxy}) are number states of photons with given mo-
mentum and energy (encoded in k) and polarization (encoded in \).

The expectation value (Vi) counts, in general, the average number of
photons in a quantized mode of the electromagnetic field. For number
states that number is not subject to uncertainty: (n|Nia|nia) = nxa-

The expectation values of the electric and magnetic fields vanish for
number states:

(nkA\E(r,t)\nkQ = <nk>\|B(r,t)|nk>\> =0.

Even if all modes are in the ground state, where (Ny,) = 0, the total
electromagnetic energy in a finite volume is infinite:
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Modes are distinguishable and infinite in numbers.

Photons of one mode are indistinguishable. Their number can be any
non-negative integer.

Photons are massless spin-1 bosons. The n-photon wave function of
any mode is symmetric under the permutation of any two photons.

— The symmetry attribute is implied in the occupation number represen-
tation by the unrestricted occupancy of photons in each mode.

— Limit of unrestricted space, V = L3 — oo:
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— Density of modes [1ln24]: Vi — v \ar) 39 = s
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