Alternating Current Circuits .

Here we investigate the response of resistors, capacitors, and inductors in
isolation and in combinations when driven by an ac voltage source,’

E(t) = Vee. (1)

The response of these devices is linear. The (steady-state)? current through
the source and through each device is proportional to the amplitude Ve of
the driving voltage. The angular frequency w is unchanged.

The current through the voltage source is, generally, subject to a phase shift:
I(t) = Ice'@i=0), (2)

The primary task for a given circuit is to determine the current amplitude
I¢ and the phase shift d¢ in this expression. Both quantities are, in general,
functions of the angular frequency w and the device specifications R, L, C.

The impedance of the circuit is the time-independent complex quantity,?
7 = —==|Z|e" |l =—=. 3

Further quantities of interests are the voltage across and the current through
individual devices — functions with the same general structure.

Single-device circuits:
Resistor circuit:
— Source and device: Ve = Vg, Ig =1k, d¢=0g.
— Ohm’s law: £(t) = RI(t) = Vze™! = RIpe'@t—n),

— Phase angle: 6z = 0.

v
— Impedance: Z = - = R= Xp (resistance).
R

!Given that voltages and currents are real quantities, the understanding is that at the end
of the analysis the real part of each quantitiy is identified as physically relevant. The
real part must be taken before any nonlinear operation.

2The resistance in the wires — even when negligible for the quantities of interest here —
guarantee that transients will fade away in due course.

3All impedances have SI unit [Q]. The magnitude |Z| is often named impedance as well.
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Capacitor circuit:

— Source and device: Ve =V, Ig=1c, ¢ =dc.

t
— Charge and voltage: £(t) = Ve = %
— Charge and current:
aQ W(wt+m/2) (wt—3¢)

I(t) = pr = wCOVee™! = wCVee = Ice ¢,

— Phase angle: 6o = ——
. _ VC e ks -
— Impedance: Z = — "¢ = —— = X (capacitive reactance).
C wC'

Inductor circuit:
— Source and device: Ve =V;, Ie=1;,, 0dg=0p.

— Current and voltage:

dl
E(t) = Ve = L% =l [ "W 0) — [, e wt=0r+m/2)

I(t)

— Phase angle: 6 = T

—~ " =gl = X (inductive reactance).

2
— Impedance: Z = VL
L

RLC series circuit:

In this circuit, the current (2) through the ac source is the same as the current
through the each device:

I(t) = In(t) = In(t) = Io(t) = Lee'@0), (4)

The instantaneous voltages across the three devices add up to the instanta-
neous voltage (1) supplied by the ac source (loop rule):

g(t) = VR<t) + VL(t) + Vc(t) = Vgewt. (5)

The voltages across individual devices are all related to the same current as
established earlier:

Va(t) = Xl(t), Vi(t) = XpI(t), Ve(t) = XoI(t). (6)
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Substitution of (4) and (6) with device reactances,

1
Xp=R, Xp=wlL, Xc¢= el (7)

as identified earlier for single-device circuits, into (5) yields the relation,
1
V wit — R L - I 1(wt—dg) 8
ce < + w +sz’) ce ) (8)

from which we extract the impedance (3) and the associated phase angle:

1 1\?
— _ — 2 _ 10g
A R+@<wL wC’) \/R —I—(wL _wC)e ,

L—-1
dg = arctan (%) .

(9)

Graphical representations of both quantities, specifically their dependence
on the driving frequency w are shown below. Also shown are the magnitudes
of the device reactances.

All plots and simplified expressions pertain to L =2, C' =1, and R = 0.5 in
SI units. Some adjustments are necessary if the order of size changes.

Oc
77/2
wL
1Z|
1/wC
{ wo R

w -77/2

At low (high) frequency the capacitor (inductor) is the dominant device. At
resonance, wy = 1/v/ LC, the impedance is purely resistive. The same shift
of dominance is also reflected in the phase angle.
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Resonance in the RLC series circuit is associated with a maximum in the
current amplitude as shown below.

The voltages across the individual devices respond differently to variations
in w. Starting from (6) we can write

R
VR(t) = R](t) = m‘/gez(wt—ég) — Vé‘rmm(w)ez(wt—ég)’
L
Vi(t) = wLI(t) = %Vgez(wt_%”m = Vnar () ettt +m/2)
w1
t) = —~£ = Wwt—dg—7/2) _ y/maz z(wt_(sg_ﬂ/z). 1
Ve(t) ol wC|Z|V5€ VI (w)e (10)

The voltage amplitude across the resistor typically has a low maximum,

Vi (wg) = Ve, at wy = 1/V LC.

V max
Femmemeeee VR R

1 Wo

The voltage amplitudes across the inductor and the capacitor typically have
much higher maxima [lex193],

TRL

Vmaflf
0 ‘/Omaz — Vg = (11)

\/1_TRC/4TRL7 TRC

Vi (wr) = Vi (we) =

at the shifted frequencies,

wr, = o > wy, we =wo\/1— Tre/2TrL < wp. (12)
\/1_TRC/2TRL

In these expressions we have used the relaxation times associated with RC'
and RL circuits, which are in relation to the resonance frequency as follows:

L 1
Tre = RC, T = R TRCTRL = 2 (13)
0
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The large current amplitude near resonance is only indirectly caused by the
voltage Ve supplied. That voltage amplified in the resonating circuit is what
drives the current.

RLC parallel circuit:

Here the voltage (1) supplied by the ac source acts across each device:
E(t) = Vr(t) = V() = Ve(t) = Vee™". (14)

The instantaneous current through the three devices add up to the instanta-
neous current (2) that flows through the voltage source:

I(t) = Ip(t) + I(t) + Io(t) = Tee'™@ 70, (15)

The currents through individual devices are all related to the same voltage
as established earlier:

E(t E(t E(t
IR(t) = XL}%)? I(t) = XLL)’ Io(t) = XL; (16)
J BE B e
o)  RLHLG) L RLL) L1 L
e
] ] |

Substitution of (14) and (16) into (15) yields the relation,

1 1
Vee! (E + wl + ZWC) = Igel(mié‘g)a (17)



from which we extract the impedance (3) and the associated phase angle:

o= fhoee-) -

1 /wlL/I—% wC)

1/2

1 1\?|
iz (”C‘E)]

dg = arctan < (18)

Graphical representations of 1/|Z] and dg versus w are shown below. Also
shown are the magnitudes of the inverse device reactances. All plots and
simplified expressions pertain to L =2, C' =1, and R = 3 in SI units.
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Here it’s the currents through the individual devices that repsond differently
to variations of w. Starting from (16) we can write

E(t Vs
]R(t) = Q — _561wt — Igmzezwt

R R ’
_ g(t) _ Vg y(wt—m/2) __ rmaz (wt—m7/2)
I(t) = ol o€ = I""(w)e ;
Io(t) = wCE(t) = wCVee!WH™/D) — [maz () erlwttn/2), (19)

The amplitudes of the current through the power supply and the individual
devices versus w are shown separately below.
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The currents through the inductor and capacitor have opposite phase for any
value of w. At resonance they have the same amplitude,

17 (wo) = 15" (wo) = Ve \/g (20)

At low frequency the current through the inductor is largest and at high
frequency the current through the capacitor.

The current through the power supply has the lowest amplitude at resonance
even though large currents may flow through the reactive devices. At reso-
nance the currents through the inductor and capacitor cancel each other at
the junctions.

Circuits with other RLC combinations:

There are three combinations with two devices in series and three with two
devices in parallel. We limit their analysis to the calculation of the impedance
(3), specifically its magnitude |Z| and its phase angle d¢ as functions of w.

The task is made simple by the use of the complex device reactances (7) in
combination with Kirchhoff’s laws [lln11].

Keep in mind that |Z], R, wL, 1/wC have units [Q], LC' = 1/w? is the square
of an inverse (angular) frequency, and RC = Tr¢, L/ R = Tgy, are relaxation
times (inverse frequencies).

In all plots of |Z| and d¢ we set L =1 and C' = 1 implying wy = 1, all in SI
units. We set R in each case such as to highlight features of interest.



Case #1:

Z = <; + sz’) h , (21)

R+ wlL
R? + (wL)?
Z| = 22
121 \/(U)C)Z[RQ + (WL — 1/wC)?)’ (22)
d¢ = arctan (% {1 — LOW? — %D . (23)
Z| 6.
7TL _________________________________
E.
0 ] éw/wo T

At low w, the resistor is the dominant device. The capacitor blocks any
significant current and the inductor is close to invisible.

With increasing w, the RL current decreases and the C' current increases.
The phase of the RL current increases, in growing opposition to the phase
of the C current. Z has a maximum at w = wy. Here the resulting current
has a minimum and d¢ = 0.

At high w, the capacitor becomes the dominant device. The inductor in-
creasingly blocks RL current. The rapidly alternating C' current leaves the
capacitor largely uncharged. Its phase angle is negative.



Case #2:
EW)

1 1\
Z:(l/sz+R+@wL> ’ (24)

1+ (RCw)?

121 = wL\/(ROw)Q +(LOw? — 1)’ (25)

B 1+ LCw?*[RC/(L/R) — 1]
de = arctan < (L0 (RCw) ) (26)
12| 5
>

P 5 wl wy

‘ W/ w ™
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At low w, almost all current is L current. The impedance is very low and
the phase angle is strongly positive.

With w increasing, the RC' current increases and the L current decreases.
The combined current decreases. |Z| reaches a maximum at w = wy, where
phase angle changes sign.

At higher w, the RC' current begins to dominate as the L current is pro-
gressively suppressed. The phase angle goes negative and the overall current
increases again as |Z| decreases..

At very high w (not shown), the current is controlled by the resistor alone.
The inductor becomes a current stopper and the capacitor becomes trans-
parent. Asymptotically for w — oo we have |Z| — R and dg — 0.
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Case #3:
ely)

1 1\
Z_(l/sz’+zwL+ﬁ) ’ (27)

R|LCw? — 1|
V(RCW)? + (LCw? — 1)’

7] = (28)

( RCw >
dg = arctan )

LCOw? -1

Z]

Wl w,
P o

The R current has an w-independent amplitude. The LC' current is blocked
by the capacitor in the low-w limit and by the inductor in th high-w limit.

At w = wy the LC current resonates. Its amplitude diverges. The impedance
touches zero. The phase angle is discontinuous.

The w-dependence of the phase angle echoes the dominance of the resistive
device at low or high w and the dominace of he reactive devices near the
resonce frequency.
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Case #4:

g
)
&
5
R
i
-1
Z =R+ (——l—sz’) : (30)
w

2
7] =[R2+ (—2E (31)
1—-LCw?) "’

wL
55 = arctan <m) . (32)

4

w/ wy

This case shares with case #3 an undamped resonance at w = wy. Here the
impedance diverges at resonance. The L and C currents cancel each other
at the two junctions and thus block any current through the resistor.

In the low-w limit, the capacitor blocks all current and the inductor becomes
transparent, leaving the resistor in control of the current.

In the high-w limit, it’s the inductor that blocks all current and the capacitor
that becomes invisible, again leaving the resistor in control of the current.

The shift of dominance between the resistive device and the reactive devices
is again reflected in the w-dependence of the phase angle.
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Case #5:
&)
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Z—— (24—
wC (R * zwL) ’ (33)

[ (wL)? + R}(LCw? — 1)?
2] = \/ (LCw?)? + (RCw)? (34)

i = vt (BCRHILOS 1= (103
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The capacitor blocks all current in the low-w limit. Here the impedance
diverges. The phase angle at —7/2 confirms the dominance of the capacitor.

In the high-w limit, the capacitor becomes transparent and the inductor
forces all current to go through the resistor. The impedance approaches R
and the phase angle approaches zero (not shown).

Near w = wy the impedance has a minimum and the phase angle changes
sign. Here the voltages across the capacitor and the inductor are close to
opposed in phase, which facilitates a large current.
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Case #6:

1\ !
Z =wlL + (ZwC + E) , (36)
(L) + R*(LCw? — 1)?
121 = \/ 1+ (ROw)? ’ (37)
L 2
dg = arctan 7Y + RCw[LCw” —1] ) . (38)
12| 5
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In the low-w limit, the capacitor forces all current to go through the resis-
tor. The inductor has zero impedance in that limit. Hence the resistor is
dominant, the impendance is nonzero and finite. The phase angle is zero.

At high w the overall current is controlled (and suppressed) by the inductor.
The phase angle approaches 7/2 as the impedance diverges.

Near w = wy the impedance has a minimum and the phase angle changes
sign as in case #5. The roles of inductor and capacitor interchanged. A large
current is facilitated again by opposite voltages across the reactive devices.
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