First- and Second-Order Correlation Functions .

Correlation functions are an instrument for the classification of photon streams
which is complementary to the photon statistics discussed in [lIn24].

In the following we aim to clarify the distinction between first-order and
second-order correlation functions as employed in quantum optics.

First-order correlation function:

Consider a linearly polarized electromagnetic field, which is in state [¢) prior
to a photon detection and in state |¢)') after the detection.

The transition probability,
[(WES (x, )])[* = WIE (0, ) [) (' [ED (x, D)),

which involves the mutually adjoint electric-field operators from [lam3], rep-
resents a process that annihilates single photons between states |¢/) and [¢)').

The probability of transitions from initial state |¢)) to any final state becomes

wi(r, 1) =Y (GEC (e, )| (| ED (e, 6)|0) = (@[ EC) (e, ) B (x,1)[9).
-

Completeness relation: Z WY | =T.
w/

Density operator of mixed state [laml]: p = Z Pyl) ().
P

Detection probability more generally: ws(r,t) = Tr[pE) (r, ) EX)(r, t)].
First-order correlation function:
G(l) (I’l, Iy tl) tg) = Tr[pE(f) (I'l, tl)E(+) (I'Q, tg)]

Relation between detection probability of single photon and first-order cor-
relation function:

wy(r,t) = GV (r,r;t,t) = GO(r, 1),
Related quantities of importance are the two-time correlation function,
GO(rity, 1) = G (r,r;t1, ty) = (B (x,t)) ED (1, 1)),
and the normalized version of the general first-order correlation function,

G (ry, 1951y, 1)
[é(l) (I’l, tl)é(l) (I‘Q, t2)]1/2 .

9(1)(r1,1"2;t1,t2) =



Second-order correlation function:

Joint probability for the successive detection of two photons if the initial
state is a pure quantum state:

wy(ry, b1 Ty, ) = Y (W[ B 0y, 1) B (ry, 1) 1)
,LZ)/

= (Y|E (11, 41)EC) (12, t2) BN (12, 1) EC) (x4, 1) ).

Generalization to the case of a mixed initial state:
wo(ry,t1; 1o, t2) = Tr [PE(f)(I'htl)E(f)(I‘Q,tz)E(+)(r2,t2)E(+)(I‘1>tl)}-
Second-order correlation function:

G®(r1, 12,153,143 11, t, t3, 14)
= TI'[IOE(i)<I'1, tl)E(i) (I‘Q, tQ)E(Jr) (I’g, tg)E(Jr) (1'4, t4)]

Relation between two-photon detection probability and second-order corre-
lation function:

Wa (T, 11372, 1) = GP (11, 1o, 1o, 115 by, b, t, 1) = G (11, a8, 1),
Normalized version of the general second-order correlation function:

g(2)(r17 I, T3, Ty, tl; t27 t37 t4)
GO (ry,1a,13,T45t1, Lo, t3,4)
[GO (1, )G (12, 12) GO (x5, t3) GO (4, 1)/

The intensity correlation function is a special case where photons are detected
at the same location (r = 0) at times ¢ and ¢t + 7.

gP(tt+7) = =

GOt t+7) (LIt +7))
T GOMEO(t+T)  TW)I(t+T)

Under stationary conditions the t-dependence disappears. Intensity correla-
tions then only depend on the time delay between successive detections:

{(L(0)I(7))
(1(0))*

The brackets include a time average under these circumstances.

§?(r) =



