
Expansions in Orthogonal Functions [lam12]

Here we revisit separable solutions of the Laplace equations as discussed in
[lln7] from a more general perspective.

It is useful to express separable solutions f(ξ) in terms of complete sets of
(real or complex) orthonormal functions Un(ξ):

f(ξ) =
∞∑
n=1

anUn(ξ).

Key attributes of orthogonal expansion:

– Orthonormality:

∫ b

a

dξU∗n(ξ)Um(ξ) = δnm.

– Completeness:
∞∑
n=1

U∗n(ξ′)Un(ξ) = δ(ξ′ − ξ).

– Convergence: an =

∫ b

a

dξU∗n(ξ)f(ξ).

Convergence in the mean minimizes (for given N) the quantity,

MN =

∫ b

a

dξ

∣∣∣∣∣f(ξ)−
N∑

n=1

anUn(ξ)

∣∣∣∣∣
2

,

from which the expression for an follows:

B
dMN

am
=

∫ b

a

dξ

[
f(ξ)−

N∑
n=1

anUn(ξ)

]
U∗m(ξ) = 0.

B
∫ b

a

dξ

[
U∗m(ξ)f(ξ)−

N∑
n=1

anU
∗
m(ξ)Un(ξ)

]
= 0.

B
∫ b

a

dξU∗m(ξ)f(ξ)−
N∑

n=1

anδnm = 0.

The most familiar applications are Fourier series and Fourier integrals as
summarized in the following. A more systematic account of Fourier transform
will be presented elsewhere.
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Fourier series:

Orthogonal expansion of function f(x) with range −a/2 ≤ x ≤ +a/2:

f(x) = 1
2
A0 +

∞∑
n=1

[
An cos(knx) +Bn sin(knx)

]
, kn =

2nπ

a
.

Orthogonality relations and normalization:∫ +a/2

−a/2
dx sin(kmx) sin(knx) = 1

2
a δmn,∫ +a/2

−a/2
dx cos(kmx) cos(knx) = 1

2
a δmn,∫ +a/2

−a/2
dx sin(kmx) cos(knx) = 0.

Expansion coefficients:

A0 =
2

a

∫ +a

−a
dxf(x),

An =
2

a

∫ +a

−a
dxf(x) cos(knx), n = 1, 2, . . .

Bn =
2

a

∫ +a

−a
dxf(x) sin(knx), n = 1, 2, . . .

Simplified circumstances:

B Symmetric (even) functions: f(−x) = f(x) ⇒ Bn = 0.

B Antisymmetric (odd) functions: f(−x) = −f(x) ⇒ An = 0.
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Fourier integral:

Begin with orthonormal set of complex exponentials instead:

Un(x) =
1√
a
eıknx, kn =

2nπ

a
, n = 0,±1,±2, . . .

Fourier series: f(x) =
∑
n

AnUn(x), An =

∫ +a/2

−a/2
dxU∗n(x)f(x).

Othonormality:

∫ +a/2

−a/2
dxU∗m(x)Un(x) = δnm.

Completeness:
∑
n

U∗n(x)Un(x) = δ(x− x′).

As the domain widens to infinity, a → ∞, the discrete set of kn turn into a
continuum of infinite width.

The following limits apply:

2πn

a
−→ k,

∑
n

−→
∫ +∞

−∞
dn =

a

2π

∫ +∞

−∞
dk, An −→

√
2π

a
A(k).

Fourier integral: f(x) =
1√
2π

∫ +∞

−∞
dkA(k)eıkx (inverse transform).

Fourier transform: A(k) =
1√
2π

∫ +∞

−∞
dxf(x)e−ıkx.

Orthogonality:
1

2π

∫ +∞

−∞
dxeı(k−k

′)x = δ(k − k′).

Completeness:
1

2π

∫ +∞

−∞
dkeı(x−x

′)k = δ(x− x′).
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