Density Operator .,

The most general specification of quantum states employs density operators.
They are equally useful for pure states and mixed states.

Pure states:

Pure quantum states expanded in an orthonormal basis have equivalent rep-
resentations as a state vector or as a density operator:

— State vector: [¢) = Z Cn|n).

— Expansion coefficients: ¢, = (n|y).

— Normalization: ([y)) = Zc Cp = Z len|? =

— Density operator: p = [) (]| = Z Prm|n) (M.

~ Matrix elements: pnn = (n|plm) = (n[¢)(Vm) = cacyy = P,
populations: p,, (diagonal),

coherences: ppy, = rprme’?r9m)  (off-diagonal).
— Trace: Tr[p] = ann = Z lcal? =
— Diagonal and off-diagonal matrix elements:
PrnmPmn = |pmn|2 - CnC:(nCmC;: - |Cn|2|cm|2 = PnnPmm-

~ Idempotency:! p? = [ (Wl (W] = [) (W] = p.

Mixed states:

Mixed quantum states are not expressible as state vectors. Density operators
are no longer projection operators, now specified by a set of state vectors,
{|®)}, which are normalized but not necessarily orthogonal.

— State vectors in the mix: |¢)) = Zcﬁﬂn), (YY) =1, Z Il =

— Probabilities of state vectors: P,, 0< P, <1, Zw P, =1.

!General attribute of projection operators.



— Density operator:

P—ZPM@/) ¢| ZZchw ¢*|TL m| anm|n

— Matrix elements: py,, = Z Pyp¥ . pl = clctr.

— Trace: Trlp|] = ann = prz V|2 =
n P n

— Diagonal and off-diagonal matrix elements:

PumbPrn = Y Y PyPuchcirch e

Y

7"é PrnPmm = Z ZP¢P¢/|CZ|2|C%|2.

Yoy

Expectation values:

Expectation value of observable A (Hermitian operator):

(A) = Tr[pA] = anm mn-

The sum over m represents a matrix multiplication for the diagonal elements
of the product matrix. The sum over n performs the trace.

Expectation value for a pure quantum state:
=3 pnAun = 3 pamlmlAln) = 3 chcalml Aln) = (] AI).
Expectation value for a mixed quantum state:
= PamAmn = Z Z Py prom A
= ZZPwC L(mlAln) =Y Pu(u]AlY).
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Interacting subsystems:
Basis vectors: |ng,np) = |ne) ® |ny)  (tensor product).
Expectation values (in general):

(O) =Te[pO] = ) (14, ms]p Olnany)

Na,Np

— Z Z <na7 nb|p|ma7 mb> <ma7 mb|0|na7 nb>

Ma,Mp Na,Np
The first sum calculates the diagonal element of a matrix product, the second
sum evaluates the trace.
Density operator: p = Z Z 1Ty T6) Prry 1y sy, My |-

Na,Np Ma,Myp

Consider an operator A which acts in subspace a only:
Matrix element: (mg, mp|A|ng, np) = (ma| Alng) (me|ne) = (ma|Alng)dm, n, -
Reduced density operator (with action in subspace a):
pa = Z<nb|p|nb Trb Z Z |na pna,nb,ma,nb <ma’
np Ma,Mp Np
Expectation value of operator A:

(A) =Tr[p Al = Z Z (na, | plma, m) (ma, mp| Alna, ms)

Ma,Mp Na,Np

<ma|.A|TLa)(5mb,nb

=3 (0 mglplma, o) (mal Aln,)

Mg MNa,Mp

_ZZ na|pa|ma ma|A|na> Tl'a[pa ]

Mg Mg

Entanglement:

We have learned that density operators are projection operators only for
pure quantum states. Next we show that reduced density operators of pure
quantum states are not, in general, projection operators.

Pure quantum system in combined subsystems a and b: |D).
Density operator in full system: p = |®)(®|.

Reduced density operator generally represents a mixed state in subsystem a:

Pa = Z(nb’q) (I)’nb anb’anb anb’

ny



Associated probability distribution: P,, = Z |(ng, ny| ®)|? = |(ny| @)

Vectors of mixed state: |a,,) = Z Ny M| P) [0g) = (np| D).
V nb

\/_nb

Special case of a pure product state: |®) = |1),) & |1).

Reduced density operator remains a pure state:

Pa =D (mslthn) (Unlm) [ (W] = 0a) (] ZPnb.

np
W—/
1

A state |®) which produces more than one nonzero P,, is entangled.



