
Density Operator [lam1]

The most general specification of quantum states employs density operators.
They are equally useful for pure states and mixed states.

Pure states:

Pure quantum states expanded in an orthonormal basis have equivalent rep-
resentations as a state vector or as a density operator:

– State vector: |ψ〉 =
∑
n

cn|n〉.

– Expansion coefficients: cn = 〈n|ψ〉.

– Normalization: 〈ψ|ψ〉 =
∑
n

c∗ncn =
∑
n

|cn|2 = 1.

– Density operator: ρ = |ψ〉〈ψ| =
∑
nm

ρnm|n〉〈m|.

– Matrix elements: ρnm = 〈n|ρ|m〉 = 〈n|ψ〉〈ψ|m〉 = cnc
∗
m = ρ∗mn,

populations: ρnn (diagonal),

coherences: ρnm = rnrme
ı(ϕn−ϕm) (off-diagonal).

– Trace: Tr[ρ] =
∑
n

ρnn =
∑
n

|cn|2 = 1.

– Diagonal and off-diagonal matrix elements:

ρnmρmn = |ρmn|2 = cnc
∗
mcmc

∗
n = |cn|2|cm|2 = ρnnρmm.

– Idempotency:1 ρ2 = |ψ〉〈ψ|ψ〉〈ψ| = |ψ〉〈ψ| = ρ.

Mixed states:

Mixed quantum states are not expressible as state vectors. Density operators
are no longer projection operators, now specified by a set of state vectors,
{|ψ〉}, which are normalized but not necessarily orthogonal.

– State vectors in the mix: |ψ〉 =
∑
n

cψn |n〉, 〈ψ|ψ〉 = 1,
∑
n

|cψn |2 = 1.

– Probabilities of state vectors: Pψ, 0 ≤ Pψ ≤ 1,
∑

ψ Pψ = 1.

1General attribute of projection operators.
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– Density operator:

ρ =
∑
ψ

Pψ|ψ〉〈ψ| =
∑
ψ

∑
nm

Pψc
ψ
nc

ψ∗
m |n〉〈m| =

∑
nm

ρnm|n〉〈m|.

– Matrix elements: ρnm =
∑
ψ

Pψρ
ψ
nm, ρψnm = cψnc

ψ∗
m .

– Trace: Tr[ρ] =
∑
n

ρnn =
∑
ψ

Pψ
∑
n

|cψn |2 = 1.

– Diagonal and off-diagonal matrix elements:

ρnmρmn =
∑
ψ

∑
ψ′

PψPψ′cψnc
ψ∗
m c

ψ′

m c
ψ′∗
n

6= ρnnρmm =
∑
ψ

∑
ψ′

PψPψ′|cψn |2|cψ
′

m |2.

Expectation values:

Expectation value of observable A (Hermitian operator):

〈A〉 = Tr[ρA] =
∑
nm

ρnmAmn.

The sum over m represents a matrix multiplication for the diagonal elements
of the product matrix. The sum over n performs the trace.

Expectation value for a pure quantum state:

〈A〉 =
∑
nm

ρnmAmn =
∑
nm

ρnm〈m|A|n〉 =
∑
nm

c∗mcn〈m|A|n〉 = 〈ψ|A|ψ〉.

Expectation value for a mixed quantum state:

〈A〉 =
∑
nm

ρnmAmn =
∑
ψ

∑
nm

Pψρ
ψ
nmAmn

=
∑
ψ

∑
nm

Pψc
ψ∗
m c

ψ
n〈m|A|n〉 =

∑
ψ

Pψ〈ψ|A|ψ〉.
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Interacting subsystems:

Basis vectors: |na, nb〉 = |na〉 ⊗ |nb〉 (tensor product).

Expectation values (in general):

〈O〉 = Tr[ρO] =
∑
na,nb

〈na, nb|ρO|nanb〉

=
∑
ma,mb

∑
na,nb

〈na, nb|ρ|ma,mb〉〈ma,mb|O|na, nb〉

The first sum calculates the diagonal element of a matrix product, the second
sum evaluates the trace.

Density operator: ρ =
∑
na,nb

∑
ma,mb

|na, nb〉ρna,nb;ma,mb
〈ma,mb|.

Consider an operator A which acts in subspace a only:

Matrix element: 〈ma,mb|A|na, nb〉 = 〈ma|A|na〉〈mb|nb〉 = 〈ma|A|na〉δmb,nb
.

Reduced density operator (with action in subspace a):

ρa
.
=

∑
nb

〈nb|ρ|nb〉 = Trb[ρ] =
∑
ma,mb

∑
nb

|na〉ρna,nb;ma,nb
〈ma|.

Expectation value of operator A:

〈A〉 .= Tr[ρA] =
∑
ma,mb

∑
na,nb

〈na, nb|ρ|ma,mb〉 〈ma,mb|A|na, nb〉︸ ︷︷ ︸
〈ma|A|na〉δmb,nb

=
∑
ma

∑
na,nb

〈na, nb|ρ|ma, nb〉〈ma|A|na〉

=
∑
ma

∑
na

〈na|ρa|ma〉〈ma|A|na〉 = Tra[ρaA].

Entanglement:

We have learned that density operators are projection operators only for
pure quantum states. Next we show that reduced density operators of pure
quantum states are not, in general, projection operators.

Pure quantum system in combined subsystems a and b: |Φ〉.

Density operator in full system: ρ = |Φ〉〈Φ|.

Reduced density operator generally represents a mixed state in subsystem a:

ρa =
∑
nb

〈nb|Φ〉〈Φ|nb〉 =
∑
nb

Pnb
|αnb
〉〈αnb

|.
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Associated probability distribution: Pnb
=

∑
na

|〈na, nb|Φ〉|2
.
= |〈nb|Φ〉|2.

Vectors of mixed state: |αnb
〉 =

1√
Pnb

∑
na

〈na, nb|Φ〉|na〉
.
=

1√
Pnb

〈nb|Φ〉.

Special case of a pure product state: |Φ〉 .= |ψa〉 ⊗ |ψb〉.

Reduced density operator remains a pure state:

ρa =
∑
nb

〈nb|ψb〉〈ψb|nb〉 |ψa〉〈ψa| = |ψa〉〈ψa|
∑
nb

Pnb︸ ︷︷ ︸
1

.

A state |Φ〉 which produces more than one nonzero Pnb
is entangled.

4


