
Coordinate Systems [gmd2]

Curvilinear coordinates:

Here we introduce a notation that is applicable, in equal measure, to Carte-
sian, cylindrical, and spherical coordinates in 3-dimensional space. The basic
ingredients (with i = 1, 2, 3 or equivalent) are

B êi: mutually orthogonal unit vectors,

B hi: scale factors,

B dui: coordinate increments.

Infinitesimal displacement: ds = h1du1ê1 + h2du2ê2 + h3du3ê3.

Construction of gradient:

df = ∇f · ds =
∑
i

(∇f)ihidui =
∑
i

∂f

∂ui
⇒ (∇f)i =

1

hi

∂f

∂ui
.

Construction of divergence:

(∇ · F)dV = F · dA, dV =
∏
i

hidui, dAi = hjujhkuk.

⇒ ∇ · F =
1

h1h2h3

∑
{ijk}

∂

∂ui
(Fihjhk), {ijk} = cycl{123}.

Construction of curl:∑
i

(∇× F)idAi =
∑
i

Fidli, dli = hidui.

⇒ (∇× F)k =
1

hihj

[
∂

∂ui
(Fjhj)−

∂

∂uj
(Fihi)

]
, {ijk} = cycl{123}.

⇒ ∇× F =

∣∣∣∣∣∣∣∣∣∣∣∣

ê1
h2h3

ê2
h3h1

ê3
h1h2

∂

∂u1

∂

∂u2

∂

∂u3
h1F1 h2F2 h3F3

∣∣∣∣∣∣∣∣∣∣∣∣
.

Construction of Laplacian:

∇2f = ∇ · (∇f) =
1

h1h2h3

∑
{ijk}

∂

∂ui

(
hjhk
hi

∂f

∂ui

)
.
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Cartesian coordinates:

position x = x î + y ĵ + z k̂

displacement ds = dx î + dy ĵ + dz k̂

scale factors hx = 1, hy = 1, hz = 1

volume element dV = dx dy dz

area elements dAx = dy dz, dAy = dx dz, dAz = dx dy

line elements dlx = dx, dly = dy, dlz = dz

gradient ∇f =
∂f

∂x
î +

∂f

∂y
ĵ +

∂f

∂z
k̂

divergence ∇ · F =
∂Fx
∂x

+
∂Fy
∂y

+
∂Fz
∂z

Laplacian ∇2f =
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2

curl ∇× F =

(
∂Fz
∂y
− ∂Fy

∂z

)
î +

(
∂Fx
∂z
− ∂Fz

∂x

)
ĵ

+

(
∂Fy
∂x
− ∂Fx

∂y

)
k̂
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Cylindrical coordinates:

position x = r r̂ + z ẑ

displacement ds = dr r̂ + r dφ φ̂ + dz ẑ

scale factors hr = 1, hφ = r, hz = 1

volume element dV = rdr dφ dz

area elements dAr = rdφ dz, dAφ = dr dz, dAz = rdr dφ

line elements dlr = dr, dlφ = r dφ, dlz = dz

gradient ∇f =
∂f

∂r
r̂ +

1

r

∂f

∂φ
φ̂ +

∂f

∂z
ẑ

divergence ∇ · F =
1

r

∂(rFr)

∂r
+

1

r

∂Fφ
∂φ

+
∂Fz
∂z

Laplacian ∇2f =
1

r

∂

∂r

(
r
∂f

∂r

)
+

1

r2
∂2f

∂φ2
+
∂2f

∂z2

curl ∇× F =

(
1

r

∂Fz
∂φ
− ∂Fφ

∂z

)
r̂ +

(
∂Fr
∂z
− ∂Fz

∂r

)
φ̂

+
1

r

(
∂(rFφ)

∂r
− ∂Fr

∂φ

)
ẑ
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Spherical coordinates:

position x = r r̂

displacement ds = dr r̂ + r dθ θ̂ + r sin θ dφ φ̂

scale factors hr = 1, hθ = r, hφ = r sin θ

volume element dV = r2dr sin θ dθ dφ

area elements dAr = r2 sin θ dθ dφ, dAθ = rdr sin θ dφ, dAφ = rdr dθ,

line elements dlr = dr, dlθ = r dθ, dlφ = r sin θ dφ

gradient ∇f =
∂f

∂r
r̂ +

1

r

∂f

∂θ
θ̂ +

1

r sin θ

∂f

∂φ
φ̂

divergence ∇ · F =
1

r2
∂(r2Fr)

∂r
+

1

r sin θ

∂ sin θFθ
∂θ

+
1

r sin θ

∂Fφ
∂φ

Laplacian ∇2f =
1

r2
∂

∂r

(
r2
∂f

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂f

∂θ

)
+

1

r2 sin2 θ

∂2f

∂φ2

curl ∇× F =
1

r sin θ

(
∂(sin θ Fφ)

∂θ
− ∂Fθ

∂φ

)
r̂

+
1

r

(
1

sin θ

∂Fr
∂φ
− ∂(r Fφ)

∂r

)
θ̂ +

1

r

(
∂(rFθ)

∂r
− ∂Fr

∂θ

)
φ̂
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