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Quasiclassical interference between bulk and boundary scattering channels in thin metal films with rough
surfaces is discussed. The effective transport time, which is calculated beyond Mathiessen’s approximation,
exhibits a nonanalytical dependence on the bulk relaxation time. Interference effects strongly affect the tem-
perature �phonon scattering in the bulk� or concentration �impurity-scattering� dependencies of the conductiv-
ity. The results for large bulk free paths Lb and large correlation radii �lateral sizes� R of surface inhomoge-
neities are described by simple analytical equations. At R2�aLb we predict a crossover between two
asymptotic regimes for interference contributions that are characterized by distinct temperature/concentration
dependencies. Experimental implications of our results are discussed.
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I. INTRODUCTION

Rapid progress in material science, vacuum and low-
temperature technologies, system miniaturization, etc., leads
to proliferation of ultraclean miniature systems such as ultra-
thin metal films in which the boundary scattering becomes
equally or even more important than the bulk scattering. The
wall scattering involves an entangled combination of pro-
cesses of different physical nature such as changes in energy
spectra near the walls, stick-slip motion and partial accom-
modation, scattering by surface roughness and impurities,
surface states, etc. What is more, various bulk and surface-
scattering processes are not necessarily independent but can
interfere with each other. For example, when scattering is
weak, as it is often the case for electron-phonon scattering or
scattering by slight surface roughness, the establishing of
mean free path requires several scattering events. As a result,
the transport properties become sensitive to the order of scat-
tering events involving various channels. In clean metal films
at not very low temperatures the main bulk channels are the
electron-phonon scattering, scattering by grain boundaries
and by residual impurities. Below we assume that the density
of grain boundaries is relatively small and concentrate either
on electron-phonon processes or on scattering by impurities.
For surface scattering, we assume that the main scattering
effects result from scattering by surface roughness. We will
look at the interference between bulk and roughness scatter-
ing in electron conductivity beyond the Mathiessen’s rule.
The main goal is to search for an unusual dependence of
conductivity on temperature or impurity concentration which
could be a signature of such interference. An auxiliary goal is
to find a way of extracting parameters of surface roughness
from experimental data on conductivity.

A usual approach to transport in films is to account for
bulk-scattering processes via a collision operator in a trans-
port equation and to relegate all boundary scattering to some
phenomenological boundary condition �for one of the best
known examples of earlier work in this direction see Ref. 1�.
One of the tasks then is to express the phenomenological
parameters in this boundary condition �such as, for example,
the specularity coefficient p or the Namba2 ratio of the am-
plitude of roughness and the mean free path, � /Lb� via

physical characteristics of surface. There are two issues with
such an approach. First, the choice of the form of the bound-
ary condition by itself imposes limitations, which are not
always clear, on what kind of surface physics can or cannot
be properly incorporated by this condition. The second issue
is mathematical. Since bulk and surface-scattering processes
are accounted for within different mathematical
frameworks—the former by the bulk-collision operator and
the latter as the boundary condition—one should always ex-
pect certain entanglement between surface and bulk scatter-
ing in the transport results obtained this way. It is not always
clear to what extent the emerging non-Mathiessen’s terms
reflect real physical interference between different scattering
processes and not just some mathematical artifacts.

More recently, there appeared an alternative approach to
boundary scattering, or, more precisely, to scattering by sur-
face roughness which in some experiments accounts for al-
most half of the overall resistivity of nanosystems.3 The ap-
proach is based on a mapping transformation technique,
which in application to transport problems was originally
developed in Refs. 4–6. The approach involves mapping of a
system with random rough boundaries onto an equivalent
physical system with ideal boundaries but distorted bulk
Hamiltonian. This allows one to incorporate the scattering by
surface roughness into the same type of collision operator as
for bulk-scattering processes. Though this is not the only
approach to scattering by surface roughness �see a short re-
view in the second Ref. 7�, it became clear from the very
beginning that the mapping transformation is valuable for
simultaneous description of bulk and surface-scattering
channels including the interference non-Mathiessen’s terms
�see the second Ref. 4�. The mapping transformation ap-
proach allows one not only to develop a mathematically rig-
orous derivation for the bulk quantum transport equation and
the collision operator, which reflects the boundary roughness
in the initial problem, but also to understand the limitations
and accuracy of alternative approaches to the problem.7

With the help of mapping transformation, all bulk and
surface-scattering channels can be treated in the same way
within the single quantum transport formalism. Since now all
scattering channels are treated in the same way, the results
should reveal the real physical interference between bulk and
surface scattering in transport. Based on this approach, in
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Ref. 8 we developed a rigorous diagrammatic derivation of
the quantum transport equation for particles in quantized
films with bulk and boundary scattering.

A somewhat similar, though technically different quantum
approach based on the surface-scattering model of Ref. 9 has
been outlined in Refs. 10 and 11 in the white-noise approxi-
mation for a rough surface. This approach corresponds to
adding the surface scattering as a perturbation of the type9 to
the single-particle Green’s function which already includes
the bulk scattering. In diagrammatic language, this corre-
sponds to adding a surface interaction line on top of the
propagator with bulk interaction �bold line�. Such an ap-
proach excludes from the outset all the diagrams with the
intersecting bulk and surface interaction lines that were in-
cluded in Ref. 8.

Below we apply our quantum transport approach8 to the
non-Mathiessen’s terms that arise from quasiclassical inter-
ference between bulk and surface scattering. We will also try
to compare our results with �scarce� experimental data on
non-Mathiessen’s contributions. The next step should be to
find out to what extent it is even possible to incorporate the
scattering by surface roughness, including the surface-bulk
interference effects, into a boundary condition. Below we
will just touch this issue by comparing our results with the
Fuchs-Sondheimer equations1 and getting the expression for
the specularity coefficient via the roughness profile.

II. MAIN EQUATIONS

An important feature of ultrathin films is the quantization
of motion across the film, pzj =�j� /L, where L is the thick-
ness of the film. This quantization, which is responsible for
quantum size effect �QSE� in transport, leads to a split of the
three-dimensional spectrum ��p�= p2 /2m into a set of two-
dimensional minibands � j�q�, where q is the component of
momentum along the film. In the simplest case of parabolic
spectrum with effective mass m, ��p�= p2 /2m, the minibands
are also parabolic, � j�q�= �1 /2m����j� /L�2+q2�. Under cer-
tain realistic conditions, which have been analyzed in Ref. 8
in detail, the diagrammatic equations for the full single-
particle Green’s functions, which include both bulk and sur-
face scattering, contain the following imaginary part in the
energy denominator which we call the effective relaxation
time � j

�ef f��q� for particles from each miniband � j�q� �cf. Ref.
10�

1

� j
�ef f��q�

=
1

� j
�b��q�

+ �
j�=1

S � Wjj��q,q��/� j�
�b��q��

�� j��q�� − TF�2/�2 + �1/2� j�
�b��q���2

�
dq�

�2���2 . �1�

Here S is the total number of occupied or energetically ac-
cessible minibands � j�q� and � j

�b��q� is the bulk relaxation
time in each miniband � j which should be treated not as a
phenomenological parameter, but as an unambiguously de-
fined imaginary part in the denominator of the single-particle
Green’s function for unrestricted bulk. In our context, the
bulk parameters � j

�b��q� are determined by electron-phonon

or impurity scattering in the bulk and are considered known.
The wall-induced transition probabilities Wjj��q ,q�� between
states � j�q� and � j��q�� are determined by the correlation
functions of surface inhomogeneities on both walls, �11 and
�22, and by the interwall correlation of surface inhomogene-
ities �12, Ref. 7. When the metal film can be treated as a
two-dimensional square well, the equations for these transi-
tion probabilities are quite simple

Wjj��q,q�� =
�4�2

m2L6 ��11�q − q�� + �22�q − q��

+ 2�− 1� j+j��12�q − q���j2j�2. �2�

Though most of the calculations can be performed for any
type of surface correlator, here we assume that the correla-
tions of inhomogeneities on both walls are identical �11
=�22 and Gaussian,

��s� = �2 exp�− s2/2R2�, ��q� = 2��2R2 exp�− q2R2/2�2� ,

�3�

where � and R play the role of the amplitude �height� and
correlation radius �lateral size� of surface inhomogeneities
and that there are no interwall correlations, �12=0. �The
Gaussian peak in the �-function limit R→0 corresponds to
the white-noise correlations of Refs. 4 and 10�. In practice,
the correlation function of surface inhomogeneities is not
always Gaussian �see Refs. 12–14 and references therein�.
However, there are reasons to believe that the exact profile of
the correlation function becomes important qualitatively only
for large-scale roughness, R�L.15

Interplay between bulk and surface scattering can be de-
scribed by two dimensionless parameters, t and u, the first of
which characterizes the bulk scattering and the second—the
correlation of surface roughness

t = �bpF
2 /m�, u = pF

2R2/�2 � R2/a2 	 1, �4�

where pF�� /a is the Fermi momentum, a is the atomic size.
In the case of phonon scattering, all temperature depen-

dence of the surface-bulk interference contributions to con-
ductivity enter solely via parameter t. At high temperatures
T�
D the value of this parameter has the order of magni-
tude of16,17

t �
�bTF

�
�

TF

T
� 1,

t
�u

=
�bpF

mR
�

a

R

TF

T
�5�

while at low temperatures T�
D

t �
�bTF

�
�

TF


D
	
D

T

3

� 1,
t

�u
=

�bpF

mR
�

a

R

TF


D
	
D

T

3

,

�6�

where 
D is the Debye temperature. �There are experimental
indications that 
D in ultrathin films depends on film
thickness�.18 At high temperatures, the ratio t /�u is large or
small depending on whether the lateral size of surface inho-
mogeneities is smaller or larger than approximately 10a. At
low temperatures this ratio is always large with the exception
of surfaces with extremely long-range inhomogeneities such
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as in bent or nonuniformly stretched films with smooth sur-
faces. The transition between high- and low-temperature
cases can be described by the usual extrapolation equations
none of which are very reliable.

In the case of impurity scattering in the bulk, the param-
eter t is temperature independent,

t �
�bTF

�
�

a2

c�
, �7�

where c is the concentration of impurities and � is the scat-
tering cross-section.

In general, the non-Mathiessen’s contribution to the colli-
sion time 1 /� j

�int�, which describes the interference between
bulk- and surface-scattering channels, can be defined as

1

� j
�int��q�

=
1

� j
�ef f��q�

−
1

� j
�b��q�

− lim
t→

�
j�=1

S � Wjj��q,q��/� j�
�b��q��

�� j��q�� − TF�2/�2 + �1/2� j�
�b��q���2

�
dq�

�2���2 . �8�

There are two major reasons why we cannot always use
Eq. �1� directly for calculating the conductivity in ultrathin
metal films. First, the observation of the full QSE effect in
conductivity of metals is very difficult if not outright impos-
sible. QSE in transport is associated with a saw-tooth depen-
dence of the transport coefficients on the film thickness,
Refs. 5 and 19. In metals, the scale of these saw teeth is
atomic and there are very few observations of signs of such a
saw-tooth dependence of the metal conductivity on L.20 The
reason is that the Fermi momentum in metals pF is of the
order of pF�� /a, where a is the atomic size. Then param-
eter pFL /��L /a is usually large, the transport is quasiclas-
sical, and the saw teeth too close to each other to be resolved.
On top of that, the phonon collisions at not very low tem-
peratures are rather robust, �b�� j /���a2 /L2��TF /
D�, and
can lead to smearing of QSE. This all means that Eq. �1� in
metals should be replaced by a similar quasiclassical equa-
tion. This transition from quantum to quasiclassical transport
is fairly straightforward and requires replacement of summa-
tion over the miniband index j by the integration over the
continuous variable px, �j� /L→px. Such a transition in the
framework of helium Fermi liquids has already been sug-
gested in Refs. 21 and 22; for further applications see also
Ref. 23. As an additional benefit, the transition to the quasi-
classical equations allows one to avoid dealing with atomis-
tic peculiarities of the surface structure which lead to a re-
construction or even the destruction of the Fermi surface
near the surface in the ultraquantum regime.24

The second reason for modification of Eq. �1� is the fact
that this equation describes the two-channel collision time
��ef f� �i.e., the pole in the single-particle Green’s function
averaged over bulk and surface collisions� while the conduc-
tivity contains the effective transport time �tr

�ef f� which is
defined via the diffusion pole in the proper response function

and, in our case, describes the single-particle diffusion/
mobility or electric conductivity �,

� =
e2�tr

�ef f�

m2 � �
j�=1

S

��� j − �F�qj
2 qdq

4��2 , qj
2 = pF

2 − �2�2/L2.

�9�

Note, that our effective transport time �tr
�ef f� is not some

phenomenological parameter but is an unambiguously de-
fined quantity which describes the combined transport effects
of the two-channel scattering. To get the transport time �tr

�ef f�

and, therefore, the conductivity �Eq. �9��, one should solve
the quantum transport equation with � j

�ef f��q�, Eq. �1�, in the
kernel of collision operator. �For exact quantum definition of
the transport time �tr

�ef f� via the irreducible bulk-scattering
vertex and the surface-scattering probabilities Wjj��q ,q��,
see Ref. 8�. This is a straightforward numerical task8 only in
the ultraquantum case which involves a relatively small
number of minibands S; in the quasiclassical limit with large
S the corresponding transport equation involves an extremely
large number of minibands and requires inversion of huge
matrices. Even for small S, one needs detailed information
on bulk-collision times � j

�b��q� for each miniband. Since we
do not have such information about bulk collisions, we are
forced to simplify the equations and work with constant � j

�b�.
Analysis similar to Ref. 21 indicates that a reasonable

quasiclassical approximation for the transport time �tr
�ef f� of

Ref. 8 may be given by the quasiclassical equation

1

�tr
�ef f��p�

=
1

�tr
b +

1

�b
� W�p,p���1 − cos ��

���p�� − ��2/�2 + 1/4�b
2

dp�

�2���3 ,

�10�

where � is the angle between vectors q and q�, the wall-
scattering rate is

W�p,p�� =
4�

L
	 �R

�m

2

px
2px�

2 exp�− �q − q��2R2/2�2� ,

�11�

and �tr
b and �b are bulk transport and collision times. Simul-

taneously, the quantum Eq. �9� acquires the simple Drude-
type form

� =
e2n�tr

�ef f�

m
. �12�

Equation �10� becomes exact when the main contribution to
lateral transport comes from the gliding electrons-electrons
from the miniband with the smallest px when the bulk-
collision time should be treated as �1

b. In the limiting case of
extremely large bulk-collision times, i.e., at very low tem-
peratures, the convergence of the integral Eq. �10� is ensured
by the quantum cutoff px=�� /L rather than 1 /�b in denomi-
nator.

What is lost in such transition from summation to integra-
tion is the presence of the quantum cutoff in transport that is
responsible for capping the diverging contribution from glid-
ing electrons to transport in high-quality low-temperature
films. In sum in Eq. �1� the minimal component of momen-
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tum perpendicular to the film is �� /L and the sum is always
finite. The quasiclassical integral Eq. �10�, on the other hand,
allows electrons to have zero normal component of momen-
tum, i.e., allows existence of perfectly gliding electrons that
do not collide with the surface and, therefore, contribute dis-
proportionately to transport. Another result of the lack of
quantum cutoff is that the dependence of the surface contri-
bution to effective transport time on the film thickness be-
comes trivial. More complex dependencies of the transport
coefficients on L in ultrathin high-quality films are almost
invariably signs of the quantum cutoff and QSE.

At high temperatures T�
D the electron-phonon trans-
port and collision times, �tr

b and �b, are roughly the same and
differ from each other by an insignificant constant. A good
estimate for �tr

b and �b can be obtained from the experimental
data on bulk resistivity �,17 1 /�tr

b =ne2� /m. Using the data
for Cu, ���D�=4.88�10−8 � m, n=8.47�1028 m−3, and
�F=7 eV and assuming that �tr

b and �b are the same, one gets
t�173 �
D /T�. Similar estimate for Ag, n=5.86

�1028 m−3, ���D�=3.5�10−8 � m, �F=5.49 eV yields t
�273 �
D /T� meaning that cases t is relatively large for
both metals. At low temperatures T�
D bulk-transport and
-collision times are markedly different, �tr

b ��
D /T�2 �b
��b. In the case of impurity scattering the difference be-
tween �tr

b and �b is less pronounced.

III. EFFECTIVE TRANSPORT TIME

In this section we give simple estimates for the effective
transport time �Eq. �10��. Introducing new variables as

px = pF cos �, q = pF sin �, px� = xpF cos � ,

q� = xpF sin �, n = pF
3 /3�2�3 �13�

one can reduce the effective transport time �Eq. �10�� to a
dimensionless integral

1

�tr
ef f =

1

�tr
b +

12TF

��

�2R2n

L

1

t
�

0

�

d� cos2 ��
0



x4dx�
0

�

d��
0

2�

d� �
cos2 � sin �e−u/2�sin2 �+x2 sin2 �−2x sin � sin � cos ���1 − cos ��

��x2 − 1�2 +
1

t2 .

�14�

After integration over d�, the transport time reduces to

1

�tr
ef f =

1

�tr
b +

TF

�

�2

L�F
U�u,t� ,

U�u,t� =
16u

�
�

0

�

d� cos2 �e−u/2�sin2 �+1��
0



dyy4e−u/2�y2−1�

��I0�uy sin �� − I1�uy sin ���F1�y,t� ,

F�y,t� =
1

t
�

0

�

d�
cos2 �

��y2 − sin2 ��2 + sin4 �/t2�
, �15�

where we replaced x by y=x sin �.
All information about quasiclassical interference between

surface and bulk scattering is contained in the function
U�u , t�−U0�u�, where U0�u�=U�u , t→�. This function is
plotted in Fig. 1 as a function of t for three different values
of u, u=1; 10; 10, while the function U0�u� is plotted in
Fig. 2. It is clear from the plot that the interference contri-
bution decreases with increasing t and with increasing corre-
lation radius of surface roughness R �with increasing u�. For
high-quality films with large bulk mean free paths for which
t is large, t�1, it is possible to obtain a relatively simple
semianalytical description of U�u , t� as an expansion in 1 / t.
Note that U�u , t� is not a regular function of 1 / t and the
expansion is, strictly speaking, in the powers of 1 /�t.

Integrals in Eqs. �14� and �15� are rather cumbersome. To
better understand the results below one should keep in mind
that at large t and u the integrand is a product of two peaks
one of which is a function of t and the other—a function of
u.

The first peak is explained by a relatively large value of
the electron-phonon collision time �b in clean metals at not
very high temperatures and, therefore, by the large value of
the dimensionless parameter t�1. Function F�y , t→� has
singularities at y→0 and y→1. The former singularity is not
dangerous because of the factor y4 in the integrand. The lat-
ter one is eliminated by the factor 1 / t in front of the integral.
The peak in y4F�0�y�1, t→� is asymmetric and is rather
broad. From the physics standpoint, this asymmetry reflects
the higher contribution to lateral transport from the gliding
electrons with momenta almost parallel to the film surface.
Function y4F�0�y�1, t→� gradually increases when y
increases from 0 to 1 and rapidly drops almost to zero again
when y start approaching 1. At large t the shape and param-
eters of this peak practically do not depend on t except for a
very narrow region near 1 in which 1−y2�1 / t. At y�1,
function F�y , t→� remains small.

In contrast to this, the peak of the integrand as a function
of y at u�1 �or, more precisely, at �u�1� represents a nar-
row peak of the width 1 /�u. At �u�1 the integrand in Eq.
�15� can be simplified using the asymptotic expressions for
the Bessel functions,
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I0,1�z � 1� � ez/�2�z , �16�

which makes the integrand look like a Gaussian function,

e−u/2�y − sin ��2
, �17�

and in the limit u→—almost like a � function,

y4e−u/2�y2−1��I0�uy sin �� − I1�uy sin ���

→
1

u
y3eu�sin2 �+1�/2��y − sin �� . �18�

This peak in the integrand at �u�R /a�1 is explained by a
small momentum transfer �q�� /R in scattering by smooth
inhomogeneities with large lateral size R.

Integration over d� in Eq. �15� yields the following ex-
pression for F�y , t�:

F�y,t� =
�

�2y3

1/t

���y2 − 1�2 +
1

t2 + �y2 − 1�1/2 . �19�

The singularity at y=0 is eliminated by the extra factor y4

�or, rather, y7/2 because of the Bessel functions Eq. �16�� in
the integrand in Eq. �15�. Everywhere between 0�y�1, ex-
cept for points very close to y=1,

F�0 � y � 1,t → � � F0�y� =
�

2y3
�1 − y2. �20�

Corrections to this equation are of the order of 1 / t2,

�

8t2y3

1

�1 − y2�3/2 , �21�

except for a very narrow region y→1.
At y�1, but again not very close to y=1, the main term

in the function F�y , t�1� is of the order of 1 / t and is, there-
fore much smaller than Eq. �20�

F1�y � 1,t � 1� � F1�y� =
1

t

�

2y3

1
�y2 − 1

. �22�

The contribution from this region to the integral over dy is
usually small, especially at u�1 since the corresponding in-
tegral is also exponentially small in u.

Function U�u , t�1� is not an analytical function of 1 / t.
Close to the point y=1, i.e., when 1 / t� �1−y2�, function
F1�y→1, t�1� behaves as 1 /�t on both sides of y=1,

F�y → 1,t � 1� →
�

�2t
. �23�

Since the width of this region is approximately 1 / t, its con-
tribution to the integral is of the order of 1 / t3/2. To find this
nonanalytical contribution one can keep only the main term
in �y−1� in F�y , t�,

F̃�y � 1,t� =
�

�2

1/t

��4�y − 1�2 +
1

t2 + 2�y − 1�1/2 , �24�

and put y=1 into all coefficients in front of F. The remaining
integral,

�
0

1

F̃dy ,

can be evaluated exactly. The main nonanalytical contribu-
tion from this term is 1 / �3�2t3/2�. To get the nonanalytical
contribution from the region y�1, one should cutoff the cor-
responding integral at some large value A. The exact value of
the cutoff A is, of course, irrelevant for the nonanalytical
contribution from the area close to y=1 which turns out to be
−1 / �3�2t3/2�. Therefore, the term 1 / t3/2 disappears from the
function U�u , t�1� and the first nonregular term in the ex-
pansion of the function F in 1 / t has the order 1 / t5/2. The
latter term is not important in our context.

Summarizing, at t�1 the leading terms in the expansion
of U�u , t�1� in 1 / t are

100

U
(t

)
-

U
0

0

1

2

3

4

5

6

7

0.0 5.0 10.0 15.0 20.0
t

10

1

FIG. 1. �Color online� The interference contribution to the func-
tion U�u , t�, Eq. �15�. The plotted function is U�u , t�−U0�u�
�U�u , t�−U�u , t→� as a function of t at three fixed values of u,
u=1; 10; 100. The curves are marked accordingly.

U
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U2
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2
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U

FIG. 2. �Color online� Functions U0,1,2�u�, Eq. �25�. The curves
are marked accordingly.
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U�t � 1,u� � U0�u� +
1

t
U1�u� +

1

t2U2�u� �25�

with U0�u� coming from Eq. �20�, U1�u� coming from Eq.
�22�, and U2�u�—from Eq. �21�. Functions U0�u�, U1�u�, and
U2�u� are plotted in Fig. 2.

The analytical expression for U0�u� is

U�u,t → �

� U0�u�

= 16u�
0

�

d� cos2 �e−u/2�sin2 �+1��
0

1
�1 − y2ydye−u/2�y2−1�

��I0�uy sin �� − I1�uy sin ��� . �26�

This function can be simplified at u�1 using Eq. �18�

U0�u � 1� � 16�2�u�
0

�

d� sin ��cos3 ��

�
�I0�u sin2 �� − I1�u sin2 ���

eu sin2 �

= 16�2�

u
. �27�

The result indicates that when the lateral size of surface in-
homogeneities R becomes bigger and the walls smoother, the
wall-driven transport time increases proportionally to 1 /R.
This term gives the pure surface contribution to transport.

The next terms in the expansion in 1 / t are responsible for
the surface-bulk interference in transport beyond the
Mathiessen’s rule. The first such term is

U1�u� = 8u�
0

�

d� cos2 �e−u/2�sin2 �+1�

��1
dy

y
�y2 − 1

e−u/2�y2−1�

��I0�uy sin �� − I1�uy sin ��� . �28�

At large u this function behaves as 1 /u3/2. More accurately,

U1�u � 1� �
8u

2�2�
�

0

�

d� cos2 �e−u sin2 �/2

��
1



dy
y

�y2 − 1

e−uy2/2eyu sin �

�yu sin ��3/2

�
10

u3/2� 2

�
�29�

�the last equation is a result of a numerical evaluation rather
than of the exact analytical calculation of the integral�. This
also means that at u�1

U1/U0 → 5/�8�u� �30�

and the contribution from 1 / t becomes less and less signifi-
cant with increasing lateral size of surface inhomogeneities
R.

The computation of U2�u� is more cumbersome. This
function comes from the integration over dy from 0 to 1. To
get this function, one should subtract from the correspondent
integral not only the zeroth-order term F0 but also the terms
that yield the 1 / t3/2 contribution

U2 = 16u lim
t→

t2�
0

�

d� cos2 �e−u/2�sin2 �+1��
0

1

dy

� � f�y��F − F0 − F̃ + F̃0� + �f�y� − f�1���F̃ − F̃0�

+ f�1�	F̃ − F̃0 −
1

3�2t3/2
� ,

f�y� = y4e−u/2y2
�I0�uy sin �� − I1�uy sin ��� ,

F̃0 =
�2�

y3
�1 − y . �31�

As it is clear from Fig. 2, U2�u��U1�u� at u�1. The
reason is quite simple. At large values of u the coefficients in
front of F in the integral over dy form an almost Gaussian
peak around some value of y�1. Therefore, U2�u�, which
originates from the integral over dy from 0 to 1, always
dominates at u�1 over U1�u�, which originates from the
integral from 1 to . As a result, the term U2�u� / t2 in the
expansion �25� of U�u , t�1� over 1 / t can remain much
larger than U1�u� / t even at large values of t. The crossover
from U2�u� / t2 to the asymptotic behavior U1�u� / t occurs
only when t exceeds some critical value tcr,

tcr�u� = U2�u�/U1�u� . �32�

Function tc�u� is plotted in Fig. 3. At relatively small values
of u �for practical purposes, at u�10�, tc is quadratic in u,
tcr�0.1u2. At larger values of u �numerically, at u�15�, tc is
linear in u, tc�u. We can prove from analyzing the
asymptotic behavior of U2�u� and U1�u� at u�1 that U2�u�
�1 /u1/2 and U1�u��1 /u3/2 and, therefore, tc is indeed linear
in u. However, we cannot prove that the proportionality co-
efficient is exactly 1. Numerically, this coefficient is approxi-

1 . 0 3 . 0 5 . 0 7 . 0 9 . 0 1 1 . 0 1 3 . 0 1 5 . 0

u

0 . 0

5 . 0

1 0 . 0

1 5 . 0

t

c
r

FIG. 3. Function tcr�u�, Eq. �32�, which determines the cross-
over from 1 / t2 to 1 / t dependence of the surface-bulk interference
contribution to the effective scattering time.
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mately 0.99 though the accuracy of computation for Eq. �31�
is limited by the presence of nonanalytical term 1 / t5/2. In the
end, the assumption tc�u�1�=u is sufficiently good for any
potential comparison with experiment.

Summarizing, in high-quality films with t ,u�1

U�t � 1,u � 1� �
10

�
�2�

u
	8�

5
+

1

tu
+

1

t2
 �33�

or in normal variables

1

�tr
ef f �

1

�tr
b +

10�2
��

TF

pF�F

�2

RL
	8�

5
+

�

2�bTF

�F
2

R2 +
�F

2m

2�b
2TF


 .

�34�

This simple equation describes the asymptotic behavior of
the wall contribution to conductivity of films �Eq. �15�� in
the classical approximation. The crossover from 1 /�b to 1 /�b

2

behavior of the interference term occurs at R2�aLb.
It could be instructive to compare the pure wall term in

Eq. �34� with the Fuchs-Sondheimer result for the resistivity
�,

� = �b�1 +
3Lb

8L
�1 − p� . �35�

The comparison yields the following expression for the
specularity coefficient 0� p�1:

p = 1 −
64

3
�2�

�2

�FR
�36�

meaning that the Fuchs boundary condition can emulate scat-
tering by rough surfaces only for a very small amplitude of
roughness, �2��FR. This restriction is noticeably stronger
than restriction on our approach7 ��R ,L. Of course, the
Fuchs-Sondheimer Eq. �35� does not contain the interference
terms which represent the main thrust of this paper. Note
that, in principle, the Fuchs boundary condition, which as-
sumes partial accommodation by the perfect flat walls, does
not have to emulate the results of locally specular scattering
by rough walls for which the mean free path is established by
the randomization of lateral momentum due to a series of
reflections from randomly directed walls.

IV. ACCURACY OF THE RESULTS

Before discussing our results, we would like to comment
on the accuracy of our predictions and on the ways for im-
provements. Though some of these potential improvements
could seem rather straightforward, the others might require
us to introduce new parameters, which, in turn, could make
the results useless for any meaningful comparison with ex-
periment. Below we will list some of the restrictions on the
accuracy of our results and describe the ways of lifting these
restrictions.

A. Accuracy of the main equations

Our results are based on a thorough diagrammatic deriva-
tion of the transport equation in films with bulk and rough-

ness scattering channels in Ref. 8. As it is shown in Ref. 8,
the effective relaxation time 1 /� j

�ef f��q� reduces after averag-
ing over surface roughness and bulk scattering to two dia-
grams for the self-energy function. The first one leads di-
rectly to Eq. �1� while the second one is disregarded
following Ref. 8. This is a common approximation used, in
different forms, in most of the Green’s function based trans-
port derivations �see, e.g., Refs. 10 and 25 and references
therein�. This approximation is well justified when the bulk
interaction has a short range which is usually the case for
impurity scattering. For phonon scattering it might not work
as well at very low temperatures.

In principle, we can add this disregarded second diagram
to the equation for the pole of the single-particle Green’s
function Eq. �1�. However this would lead to a loss of trans-
parency of the results and make any meaningful comparison
with experiment virtually impossible: this diagram contains
integrals with the full irreducible bulk vertex function, which
is unknown and does not reduce to observables.

A somewhat more worrisome is the heuristic transition
from the quantum Eq. �1� for the relaxation time to the qua-
siclassical Eq. �10� for the transport time. This transition al-
lowed us avoid inverting huge matrices stemming from the
transport equation and get the quasiclassical results in a very
compact analytical form. This is justified when the dominant
contribution to transport comes from gliding electrons which
are contained in the lowest quantum miniband and when the
pure wall scattering dominates over the interference terms.
We plan to revisit this issue in more detail later on.

B. Non-Gaussian correlations

The above results assume that the correlation function of
surface roughness has a Gaussian form, Eqs. �1�–�3�. Though
the Gaussian correlations are practically universally used for
theoretical description of rough surfaces, there is experimen-
tal evidence the correlations are sometimes non-Gaussian
�see, e.g., Refs. 12–14�. The difference between transport
properties of quantized films with various types of surface
correlations could be quite noticeable, especially for rela-
tively smooth surfaces with R�a which can exhibit, depend-
ing on the type of the correlation function, a new type of
quantum size effect, Ref. 15. In the case of quasiclassical
transport the difference is less striking and is easy to analyze.
For example, the change in the correlation function leads to a
replacement of the Gaussian factor in the integrand W, Eq.
�11�, by some other exponential or power-law function,
which properly reflects the correlations, and results in a dif-
ferent power in the dependence U�u�. Numerically this is a
straightforward matter. The semianalytical comparison be-
tween different roughness profiles will be done in a separate
paper.

C. Surface-driven deformations

In our description of transport we assumed that the main
transport effect of surface roughness is the scattering by sur-
face inhomogeneities that reflect randomness in the position
and direction of the surface. As a result, the transport param-
eters depend solely on the geometry of the surface, i.e., the
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correlation function of surface roughness, and do not take
into account the change in electron or phonon properties near
the surface. Of course, the proximity to the surface leads to
deformations inside the film, which affect the electron prop-
erties via the deformation potential. The deformation poten-
tial near surface inhomogeneities, especially near the ones
with large curvature, changes the scattering parameters and
makes the effective averaged cross-section different from the
purely geometry-driven one. We discussed the ways to incor-
porate this effect into our formalism in Ref. 7. Essentially,
this is equivalent to the replacement of the scattering prob-
ability Eq. �11� by an effective function with similar symme-
try. This resembles the description of transport in systems
with bulk impurities in which the impurity-scattering poten-
tial U�r� is replaced by the effective T-matrix T�p ,p��.
Though this is the right way of dealing with the complica-
tions stemming from the surface-driven deformations, the ex-
perimental implications are not very appealing. The correla-
tion function of surface roughness ��q� can be measured
directly by scattering experiments, scanning surface micros-
copy, etc. This information is sufficient for direct application
of our results without any unknown fitting parameters. If, on
the other hand, the deformation potential near the surface is
strong, one is forced to treat W�p ,p�� as an effective average
scattering cross-section. This inevitably leads to an appear-
ance of fitting parameters and makes the results more am-
biguous.

Another issue is the softening of phonon spectrum and,
therefore, lowering of the Debye temperature near the
surface.18 When this effect is strong, the “bulk” scattering
parameters that enter our non-Mathiessen’s terms may differ
considerably from their true bulk values.

D. Quantum size effect

One of the main features of our results is the 1 /L depen-
dence of the wall contribution to the effective transport time
1 /�tr

�ef f� on the film thickness which is consistent with the
quasiclassical Fuchs-Sondheimer theory. In ultraclean films
at very low temperatures, i.e., at t→, the contribution from
the gliding electrons should be cutoff not by i / t in the pole of
the integrand, but by the quantum cutoff, px , px���� /L,

1/�b

���p�� − ��2/�2 + 1/4�b
2 → 2�����p� − �� , �37�

1

�tr
�ef f� =

1

�tr
b + 2��

px����/L
W�pF,p��

�����p� − �F�
�1 − cos ��dp�

�2���3 . �38�

Apart from ensuring the low-temperature cutoff, Eq. �38�
also makes the dependence of the lateral conductivity � on
the film thickness L much more complicated than in Sec. III
leading, for example, to 1 /L2 �Refs. 7, 15, and 23� or 1 /L3

dependence.7,9 This more complicated wall contribution to
the effective transport time 1 /�tr

�ef f� than 1 /L in experiment
might be a direct sign of quantum size effects in transport.

An even more accurate account of the quantum size effect
would require us to return to summation, Eq. �1�, instead of
integration and to a saw-tooth dependence of the conductiv-
ity on the film thickness L which is similar to the one of Ref.
8 and is a common feature of QSE in films irrespective of the
scattering channel.5,7,19 However, in metals the width of
these saw teeth is about atomic size a and the observation of
this type of dependence ��L� highly unlikely. We plan to
study the effect of the quantum cutoff on the quasiclassical
effective transport time separately.

E. Momentum dependence of the bulk relaxation time
and quantization of phonons

The discussion above ignores the quantization of phonons
in ultrathin films and, even more importantly, the momentum
dependence of the bulk relaxation time �b�px ,q� in Eq. �1�.
Not much is known about this function that can be useful in
our context. Though one can easily write the formal expres-
sions for �b�p� �see, for example, Refs. 16 and 17 and nu-
merous other publications�, these expressions do not reduce
to a set of observables which are independently known from
experiment. In the end, any attempt to make our results more
accurate by introducing the dependence �b�p� into the calcu-
lations would leave us with a large additional set of fitting
parameters that would only obscure our understanding of
surface contribution to transport in films.

The only real improvement could be achieved for ultra-
thin films at very low temperatures for which we should
replace the averaged bulk experimental value �b used above
by the corresponding constant for the gliding electrons
�b��� /L ,qF�—when this constant is known experimentally.
The next step in the same directions could be the use of
quantized—ultimately, two dimensional—phonons. This will
lead to an obvious change in the temperature dependence of
the results.

F. Localization and related quantum interference phenomena

Above we deliberately ignored the roughness-driven lo-
calization of electrons. The localization length in quasi-two-
dimensional films with weak roughness is exponentially
large and can manifest themselves only for the ultrathin
films. Localization corrections within our formalism are dis-
cussed in detail in the second of Ref. 7 which also contains
references to earlier publications on localization and quan-
tum interference effects associated with the surface disorder.

V. DISCUSSION

The most interesting part of our results for the quasiclas-
sical interference between bulk- and surface-scattering chan-
nels in electron transport in thin films is, probably, our
simple asymptotic expression �34� for high quality films with
large bulk free path Lb �i.e., large t� and large lateral size of
surface inhomogeneities R �i.e., large u�. We do not know of
other publications with such simple and easily verifiable re-
sult. This result includes a crossover between two different
asymptotic behaviors of the resistivity at Lb�R2 /a. Irre-
spective of the bulk-scattering channel, the crossover in the
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interference part of the resistivity can be observed as a
change in its dependence on the correlation length �lateral
size� of surface inhomogeneities R from 1 /R3 to 1 /R. Ex-
perimentally this crossover can manifest itself also as a
change in the temperature �phonon-scattering� or concentra-
tion �impurity-scattering� dependencies of the resistivity.
Note, however, that when the 1 /ut term in the interference
contribution �Eqs. �33� and �34�� dominates over the 1 / t2

term, the temperature/concentration dependence of the inter-
ference contribution is exactly the same as for the bulk term
and the only distinguishing feature of the interference con-
tribution is its 1 /R3 dependence on R. Of course, when 1 / t2

term dominates, the temperature/concentration dependence
of the interference contribution is quite distinct from the
main surface term.

Despite many decades of experiments on conductivity of
ultrathin films, there are very few data sets on the functional
behavior of the interference between bulk and roughness-
driven scattering. The usual experimental difficulties are en-
suring that roughness is the main boundary scattering chan-
nel and maintaining the same surface roughness while
manipulating the bulk properties. Currently, we are aware of
only one group which accompanies the measurements of the
interplay between electron-phonon and roughness scattering
channels as a function of temperature by the simultaneous
analysis of surface roughness.14,26

It is instructive to compare our semianalytical quasiclas-
sical results with previous quantum computations which ex-
plicitly include QSE.4,5,8,10 Reference 4 does not contain any
explicit equations for the interference terms that can be com-
pared with our results, especially in the quasiclassical re-
gime. The authors of Ref. 5 were not interested in the inter-
ference terms and considered bulk and roughness scattering
as two independent additive channels. Reference 10 also
does not contain any explicit information about the interfer-
ence terms except for mentioning that these contributions
seem to be smaller than the pure wall or bulk terms. In ad-
dition, Refs. 4, 5, and 10 use the �-type �white-noise� ap-
proximation for the surface roughness and, therefore, would
not be able to see the crossover between interference regimes
even if there were analytical results for the surface-bulk in-
terference.

In our earlier computations of Ref. 8 we characterized the
interference term by a dimensionless parameter � which de-
scribed the ratio of pure-wall and bulk-wall interference con-
tributions to the effective relaxation �or transport� time or the
resistivity Eq. �12�,

� = 1 +
�w

�int .

In our notations,

� =
U�t,u�

U�t → ,u�
.

For high-quality clean films as in Eq. �33�, this ratio acquires
the simplest form,

� = 1 +
5

8�
	 1

tu
+

1

t2
 �39�

and the correction to the limiting value �=1 is positive.
The result in Eq. �39� can be compared with the QSE

dependence of � on the bulk free path Lb, ��p0Lb�, in Ref. 8
�p0Lb in Ref. 8 is equivalent to our 2t�. As it is clear from
figures in Ref. 8, the correction to the limiting value �=1 can
be positive or negative, depending on the number of quan-
tum minibands involved though it tends to become more
negative with an increase in the number of minibands �in-
crease in film thickness�. Also, the deviation of � from 1 in
quantum case seems to increase with increasing R �i.e., with
increasing u�. It is not clear why the results of the same
approach in quantum and classical limits are so different.
One of the reasons could be the above-mentioned heuristic
transition from Eq. �1� to Eq. �10� in which we averaged the
transport time over all minibands while structuring the result
closer to discrete equations of Ref. 8 for the lowest mini-
bands which contain the gliding electrons.

In experiments14,26 the correction to �=1 seems to be
negative �the corresponding term in resistivity �� decreases
with increasing temperature�. Though it is impossible to
make a quantitative comparison with our results, qualita-
tively we tend to interpret these results as an experimental
manifestation of QSE. There is one caveat. The experimental
values of ��T� are very close to the pure bulk values �b�T�
and the functional behavior of both functions is identical.
One cannot discount the possibility that the surface-driven
softening of the phonon modes and the renormalization of
the Debye temperature should require the use of a renormal-
ized function �̃b�T� rather than the true bulk function �b�T� as
the basis for extracting �� from experiment.18 If the mode
softening is sufficiently strong, the extracted values of ��
will actually increase with increasing temperature and ex-
hibit the temperature dependence consistent with our 1 / t de-
pendence of the interference terms.

The dependence on the film thickness L, 1 /�int�L�, in Ref.
8 starts, if one disregards the inevitable QSE saw teeth, from
the ultraquantum form 1 /L6 and shifts to 1 /L3 in thicker
films and finally to 1 /L in thick films with dominant higher
minibands. This behavior is consistent with our current re-
sults which yield the 1 /L dependence without the quantum
cutoff and higher powers when this cutoff becomes essential,
Eq. �38�. This also tells us that more often than not one
should not expect a clear-cut power law in experimental de-
pendence of resistivity on 1 /L. Accordingly, experimental
data on the dependence of the resistivity on 1 /L are incon-
clusive. One of additional artifacts is the potential presence
of grain boundaries that can distort the roughness contribu-
tion if the films are not properly annealed as it has been
recently demonstrated in Ref. 27. Some of the recent experi-
mental data have been summarized in Ref. 26. This summary
also does not lead to any definite conclusion on the power in
the dependence of resistivity on 1 /L. Recent experimental
results of Ref. 28 yield the dependence 1 /L1.2 which is con-
sistent with our results though the number of experimental
points is relatively small to make a definite conclusion. As it
was mentioned before, a higher power of 1 /L in experimen-

INTERFERENCE BETWEEN BULK AND BOUNDARY… PHYSICAL REVIEW B 81, 245409 �2010�

245409-9



tal data on the dependence of resistivity on film thickness for
ultrathin films should be considered as a sign of QSE in
transport at least in the form of the quantum cutoff.

In summary, we analyzed classical interference between
bulk- and surface-scattering processes in electron transport in
thin films. The results acquire a very simple analytical form
for high-quality films with large bulk mean free paths Lb and

large lateral size of surface inhomogeneities R. There is a
marked crossover between two different interference regimes
when Lb�R2 /a. This crossover should manifest itself in
change in the temperature dependence of the interference
contribution when the electron-phonon scattering is the main
bulk-scattering channel or in change in the dependence on
impurity concentration.
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