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Transport phenomena in spin-polarized *He systems are studted (normal
Fermi liquid *He?, *Het-He II solutions, gas *He?, *Het-*He gaseous
mixtures). The transport coefficients, including the spin diffusion, spin ther-
modiffusion, and spin bulk viscosity coefficients, are calculated for spin-
polarized Fermi liquids and gaseous mixtures. The analogy of the “spin
rotation effect” in polarized nondegenerate gases with similar phenomena
in degenerate Fermi systems and with collisionless spin oscillations is dis-
cussed.

1. INTRODUCTION

Considerable progress has been achieved in the study of spin-polarized
quantum systems. Experimental'™ and theoretical® > investigations of
polarized Fermi systems goncern mainly normal Fermi liquid HeT and
three dilute phases of *He?: liquid *He?-He Il solutions, gas “He?,
and *Hel-*He gaseous mixtures (see also reviews in Refs. 13 and 14).
Though the properties of all these phases are very different, the polarization
of *He spin systems leads in many cases to common effects. In this paper
the influence of the spin polarization on hydrodynamics, kinetics and the
helium phase diagram is discussed. In this section we introduce a hydrody-
namic equation and kinetic coefficients corresponding to the motion of the

*He magnetic moment. The values of the kinetic coefficients are given in
Section 2 for the dense polarized Fermi systems, and in Section 3 for dilute
systems (some details of the calculations can be found in Appendices). In
the last section we cons1der possibilities of observing the properties of two
new phases at the *He?/*Het-*He equilibrium.

The spin polarization that changes the- values of all the kinetic
coefficients and thermodynamic parameters of *He systems also gives rise
to an additional dynamical variable—the magnetic moment (per unit
volume) M. This results in a new hydrodynamic equation, a low-frequency
mode, and a number of new transport coefficients. The macroscopic
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equation of motion for M can easily be derived in the same manner as in
the well-known cases of usual polarized paramagnets or ferromagnets,
taking into account the magnetic contribution to the energy 8E =H, 6M (H,
is an effective magnetic field). In the exchange approximation the equation
in M takes the simple form of the magnetic moment conservation law,

3 3
—M*+—ji=0 1
at x4 fi )

and the problem reduces to the calculation of the spin current ji
(here and below, Greek indices denote the components of vectors in spin
space, and Latin indices those in real space; in the exchange approximation
there are no mixed summations over spin and spatial indices).

The characteristic feature of *He spin systems is the relation between
the relaxation times of the spin-conserving exchange processes 7 and the
weak nuclear dipole interaction 7, which establishes the thermodynamic
equilibrium value of M. Even in dense helium systems 7, at low tem-
peratures 7' may be tens of minutes; in delute *He phases the value of 7,
can be still larger. Therefore in the usual low-temperature experiments
always wr; » 1, while both regimes wr « 1 and wr » 1 can be realized. For
this reason the nuclear dipole interaction provides only small corrections
to the conservation law (1). Moreover, the weakness of the nuclear dipole
interaction means that one can often observe nonequilibrium long-lived
polarized states in which the magnetization M is not determined by the
minimization of the total energy at constant external magnetic field H. In
these states the value of M may be by no means related to the field H,
and, in contrast to usual paramagnets, the polarized helium system can
exist even in the absence of an external field. The creation of such
quasiequilibrium states is one of the main methods of *He polarization. In
not very dilute *He phases with high polarization always H, » H.

In hydrodynamics the spin current is given by an expansion in small
values of gradients. It is convenient to choose as a hydrodynamic variable
instead of M the spin system polarization vector = M/BN; (here N; is
the number of *He atoms per unit volume, 8 ~0.08 mK/kOe is the *He
nuclear magnetic moment). The spin current being linearized in spatial
gradients can always be represented in the form

je=M* vk+D"‘ﬁ—€BB+AT T+Apa—p (2)
Xk

where v is the fluid velocity and P is the pressure. In the exchange
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approximation in the absence of the field, H =0, the coefficients D** and
Az depend only on the direction of the unit vector e = /% and can be
written as

D = —BN3D[dS o5 +(1—d)eqaes + Re e, ]

(3)
AT=—BN3e,Dkr/T, Ap=—BNse.Dkp/P

and using the continuity equation, we find that Eq. (1) takes the form

d
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The right-hand side of Eq. (4) can be rewritten as
[ (viore %) | (5)
Xk

The representation of the coefficients in the spin current (2) had been
chosen in the form of Eq. (3) in order to emphasize the analogy of Eq. (4)
with a standard hydrodynamic equation for binary solutions (see, e.g., Ref.
15); in our case the vector B behaves like the concentration of a dissolved
component. This analogy is particularly transparent when the hydrodynamic
perturbations do not change the direction of the magnetization (i.e., of the
vector B—the z axis), and in Eq. (4) the anisotropy and the precession (5)
vanish identically. In this’case Eq. (4) is reduced to the scalar equation

d 0
N. (—— v — z)
g BtV ®
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This considerably simplifies the evaluation of the kinetic coefficients. In
Egs. (3), (4), and (6) the coefficients D, Dkr, and Dkp have the meaning
of the spin diffusion, spin thermodiffusion, and spin pressure diffusion
coefficients. The quantity Dd in Egs. (3) and (4) is the transverse spin
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diffusion coefficient and determines the damping of spin oscillations (the
precession of the magnetic moment in the effective field in the presence
of the transverse magnetization gradient), which are specified by the quan-
tity DR.

The presence of an external magnetic field causes the precession of
the magnetization vector [the additional term 28[Hx M]/# in Eq. (1)] and
the formation of a new characteristic direction in the spin space. Since in
polarized helium systems the vector H is not necessarily parallel to the
quasiequilibrium value of M, the presence of this new direction changes
essentially all the symmetry properties of the system. In this case the vectors
Arp are not parallel to M, and the tensor D°* is not diagonalized, as in
Eq. (3), choosing the magnetization as one of the coordinate axes. Below,
the direction of H (if H # 0) is always supposed to coincide with that of
the quasiequilibrium magnetization.

The weak dipole interaction in most of the cases leads mainly to
insignificant corrections of the hydrodynamic and kinetic parameters. The
most important manifestation of this interaction is the violation of the
magnetic moment conservation law, i.e., the inclusion of the right-hand
side K(B, H) in Eq. (1). In the usual hydrodynamics of binary mixtures
the analogous effect corresponds to taking into account slow chemical
reactions and leads to the formation of second (bulk) viscosity.15 In our
case the dipole interaction also gives rise to the spin bulk viscosity. The
calculation of K is simplified considerably due to the very small ratio of
exchange and dipole relaxation times. Therefore to evaluate dM“/dt one
has to suppose all the distribution functions as equilibrium (with respect
to energies and momenta) and to consider the collisions of *He particles
with definite spin projections. When the magnetization deviates only slightly
from the equilibrium value Mo(H) '

K=—(M-Mo)/7q4 (M

For markedly nonequilibrium systems with a high degree of polarization
K ~e( +1)°8N5/47), where 7} differs considerably from 7, in Eq. (7).

The *He polarization does not much change the equations of the mass
and momentum conservation laws. Only the expressions for the heat flow
and the dissipative function are subjected to considerable modification;
the expressions for these quantities can be easily derived by analogy with
the usual diffusion equations'” using Eqs. (2) and (3) for the spin current.

The form of the hydrodynamic equations (1)-(7) is quite general and
does not suppose any assumptions concerning the degeneracy of the system
or the character of the interaction. Analogous equations have already been
studied for some types of helium systems'>'"'” (see below).
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2. DENSE FERMI LIQUID (*He?!)

Unfortunately there is no consistent microscopic procedure for evaluat-
ing the ground state parameters of a dense Fermi liquid like *He. The
relation between the parameters of the same system at different degrees
of polarization is also unknown. Up to now it has been possible to perform
such calculations only for dilute systems.'* Therefore practically the only
way to describe dense Fermi liquid *He? is to apply the Landau theory of
Fermi liquids and to express all the quantities of interest in terms of
harmonics of the f-function and phenomenological scattering probabilities
at the given degree of polarization. In this case the comparison with
experimental data will provide the information on the dependence of Fermi
liquid characteristics on the degree of polarization.

In the exchange approximation the Fermi liquid function has the form
(the directions of field and polarization coincide)

faB,y.u (P’ P') = l/’(P, p,)gaﬁap.v + {(P, pl)o'aﬁ o'pw
+o(p, P)0pd + ¢ (P, P)O.Ias]e
+ §(p, p’)(oaﬁ e)((r,“,e) (8)

where p and p’ are the quasiparticle momenta and o,z are Pauli matrices.
All the final results will include the harmonics in the expansion of the
Fermi liquid function in Legendre polynomials on the Fermi surfaces of
radii p. (p. are the radii of the Fermi spheres or Fermi momenta of
quasiparticles with spin projections =1/2 on the z axis, i.e., the axis B).
Let us denote the corresponding harmonics as

1
0= (n+3) 25 [ (oo pPucos x) d cos x ©)
and similarly Z$}), ®%), and B for the functions ¢, ¢, and & Here the
indices (a, b) take the values (+) or (—), x is the angle between the vectors
p. and p;, and m. denote the effective masses of quasiparticles on the
corresponding Fermi surfaces. Most of the results are expressed through
harmonics of the following four combinations of Fermi liquid functions:

AL =98+ 728 £200 + 20 +1

BY =¥z £ 00 F oL -5 4o

In the dense spin-polarized Fermi liquids not all the components of
the density matrix represent the well-defined quasiparticles with long life-
times for which the Landau theory can be used in a straightforward manner.
Only well-defined quasiparticles participate in phenomena that can be
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described using the Fermi liquid functions in the combinations A and B
in (10). These phenomena include most of the thermodynamic and transport
processes and can be described using the diagonalized density matrix. All
these processes can be expressed in terms of well-defined quasiparticles
with definite spin projections, and while the direction of the magnetic
moment does not change, all the quasiparticles remain near the respective
Fermi surfaces. The problems with not well-defined quasiparticles and with
the use of the Landau theory with Fermi liquid functions (8) not in the
combinations (10) arise mainly when one is studying the dynamics of
nondiagonal elements of the density matrix (processes accompanied by a
change of the direction of the magnetic moment). In these cases there also
is an additional problem with gradient terms in the free energy (see below).
Note that all these problems vanish for dilute Fermi systems in the lowest
orders in the interaction (concentration).

With the help of the Fermi liquid functions (8)-(10) one can easily
obtain the values of the main thermodynamic characteristics of the system;
the evaluation procedure and the results are similar to those of the Landau
theory of the multicomponent Fermi liquid (see Appendix A and, e.g,,
Ref. 16).

In the case of the dense Fermi liquid *He? an equation of the form-
(4) has been already derived (without spin thermodiffusion and pressure
diffusion contributions) by Leggett'’ on the basis of the kinetic equation.
Though the results of Ref. 17 (see also Ref. 18) were obtained as an
expansion in the value of M, which was supposed to be small, the theory'’
can be easily generalized to quasiequilibrium states with a high degree of
polarization.

The main characteristic of the magnetic moment precession in an
effective field is wi,Tp, Where 7p is the exchange diffusion relaxation time,
and w;,; is the frequency inherent in the spin oscillations in the molecular
field. The origin of w;, is due to the term

@/h)E, ] (11)

in the kinetic equation, where A =n,g and £ = g,5 are the density matrix

and the energy of Fermi liquid quasiparticles, and [-, -] denotes the spin

matrix commutator. For the quasiparticles the energy includes the
14,17-19

term”

j £, pns () — 5 (0)] &'/ Q) (12)

where ng are the equilibrium distribution functions of up and down spins,
and the frequency wiy is of the order of (in the notations of Ref. 17 winTp
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corresponds to uM)
i~ ONB/h, @i ~B(To/T)? (13)

where T is the degeneracy (Fermi) temperature. Thus, but for the case of
very weak polarization 8 < (T/ To)* « 1, the value winetp > 1. Hence, despite
the fact that we are discussing the hydrodynamic region of low frequencies
wtp < 1 and small gradients, the spin oscillations behave just as in the
high-frequency collisionless case. For this reason the value of DR =v» in
Eq. (4) is equal to the proportionality factor » in the spectrum of collisionless
spin waves in a polarized Fermi liquid'®"’

w = vk’ (14)

and does not depend on 1p (while D «<rp, the value R x1/7p). Taking
into account also the weakly polarized states, we easily obtain as in Ref. 17

D =vwintp, R = 0intp/[1+ (@im7D)’] (15)
Similarly, we get the following for the coefficient d in Eq. (4):
Dd =[1+(0im7p)’]"" (16)

Unfortunately, one cannot use for the coefficient v (and wi,) in Eq.
(14) the value of Refs. 17-19 in the case of a dense, strongly interacting
Fermi liquid with a high degree of polarization.

In Refs, 17-19 the frequency of precession of the magnetization vector
in the molecular field has been expressed in terms of the Fermi liquid
function. Such expressions, which are always valid for Fermi liquid oscilla-
tions with a linear spectrum e(k), can be used for oscillations with a
square-law dispersion (14) only in the cases (see, e.g., Ref. 14) of dilute
or weakly interacting Fermi systems, prao/h<« 1 (pr is the Fermi momen-
tum, a, is the interaction radius), because the corresponding approach
takes into account only the local Fermi liquid interaction (terms of order
1/ao) and neglects all nonlocal effects (~pg/#h), which correspond to the
gradient expansion of the Fermi liquid energy. Microscopically, this means
a lack of accuracy in the high-order terms in k as one derives the quasi-
classical kinetic equation from the exact quantum equation. Being derived
macroscopically, the value » is given, apart from the usual f-function (8),
also by additional phenomenological functions, which determine the func-
tional dependence of the quasiparticle energy on the distribution function
gradients. For example, there exists a term

5 _'J‘ . , a2 s ) d3pr
€ap = | fopur(Ps p)ax? n(p) (27rh)3

where the spinor structure of the function £ is analogous (in the exchange

(17)
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approximation) to Eq. (8). The significant contribution of the energy (17)
to the kinetic equation arises up to terms of the order of k* only from the
operator (11). This gives rise in the equation for M to an additional term

of the form
0xy axg

with the coefficient depending on first harmonics of the function ¢(p, p').
In the case of a low degree of polarization the influence of Eq. (17) reduces

to the addition of
£(0)
£ [y M)
h axi Bx,-

to Eq. (19) in Ref. 17, and it can be seen that this correction is small while
M is small. In the cases of high polarizations similar corrections are
considerable and must be taken into account. The coefficients » in (14)
and wi, in (13), being considered as phenomenological parameters of dense
Fermi liquids, have to be determined from experimental data. These
coefficients are simply related to the effective field.

All the other kinetic coefficients, including those in Eqgs. (4)-(5), can
be evaluated explicitly and expressed by phenomenological probabilities
W (p, p") for quasiparticle pair collisions near the Fermi surfaces of radii
ps: Wo=W(p.,ps), W_=W(p-,pl), W =W(p,, p_). As a result (see
Appendix B),

4 7*1%% m* (+

y Ag?)A(_O)_BEP)B(P)
N.N_(a,B? +a_ BOY+N2a_ APV +N%a. A©

-1
« <W' sin?  sin’ £ / fi> (18)
Dkr_ 3a*h® Tmm.p>(U_-V)-m pi(U.~V.) 19)
T  T?mim* p% mp%(U+U_—V+V_)
Ui=<W’(1+sin295in2§ fi)/fi>
+f’fi< 1-—cosé@ >
2N F (242 cos 6)*
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« 2 - 2
= /W' 2
em B2 (g O 12
P+ f:t P= fﬂ:
2 1/2
fi=[1+(&) +2(&> cos 0] , ai=-m——ip—t
P= P= mpo

where po and m are the Fermi momentum and the effective mass in
nonpolarized *He, N. are the numbers of *He particles with up or down
spins per unit volume of *He (N, +N_=Nj), the quantities A and B?
are given by Eq. (10), and (- - -) means angular averaging. The spin pressure
diffusion coefficient is evaluated from the usual thermodynamic relation'®

kp=(P/N3)8(s+—u-)/3N3]5"

(es are the chemical potentials for up and down spins), and can be
transformed by Egs. (A3)-(A4) to the form

3P (N.m./p2)N.BY +N_AQ)— (N-m_/p>)N_-B? +N.AD)
N3 BOBO_ADAD

kp =
(20)

The values of the viscosity ¢ and thermal conductivity » coefficients are
given by

2 #pl  (po/p )X, +(p-/p)’ X ~(p-/ps)’Y " - Y}

=15 T*m2m? X X7-Yn Y, o
=2 THDL (pe/p )Xo +(p/p )X i —(p/p )Y - Y
3 Tmim? XX, -YiY,
L2, 2 .2 .2
X =<sm 051;1 (¢/2)[W,(1_sm 0s1;1 (qo/2))
f= ra
‘W mipi £ sin” 6 cos® (¢/2)]>
*m% pr 2+2cos8)>  1+cosd
‘2 g ain 2, .2
6 sin” (¢/2) sin” 4 sin” (¢/2)
v: =_<I_’z sin” 6 sin” (¢/2) |, (Cos e+m—_>>
T \ps £ fof-
(22)

X* = < 1 [W, ( LN sigz (¢/2))

- +

+W.
of= mZps (242 cos §)?

Y; =~ <%—, %:— (cos 0 +S__inz ofsi;i (o/ 2))>

mip. 1—cosé ]>
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As noted in Section 1, the dipole relaxation leads only to insignificant
corrections (of the order 7/7,< 1) to the transport coefficients (18)—(22).
Therefore the magnetization relaxation is important only for the
phenomena which vanish to the exchange approximation. In *He? hydrody-
namics such a phenomenon is the spin second (bulk) viscosity. Slow dipole
processes tending to level off the chemical potentials . and u_ cause the
same consequences as, for example, slow chemical reactions in usual

hydrodynamics.’® These slow processes with a very long relaxation time
give rise to the bulk viscosity

{={o(1—iwry) ™! (23)
where the low-frequency limit ¢ (@ - 0) = ¢, is given by
;Ozmst'rd(C?o_C(z)) (24)

Here ¢ is the first-sound velocity in the low-frequency limit w7, >0 in
which the dipole interaction manages to establish local equilibrium values
of the magnetization, and c« is the sound velocity in the opposite limit
w7y -> %0 in which the oscillations are too fast for the equilibrium value M,
to be reached. Certainly, one can discuss the spin second viscosity only in
the case of equilibrium (in the nonperturbed state) polarization. Then
the sound propagation is governed by Eqgs. (1) and (6) with the right-hand
side (7).

The sound velocity ¢, i.e., the derivative dP/dN3, is given by Eq. (A4),
while the derivatives dN./dN; have to be calculated on the basis of Eq.
(6) with the right-hand side (7):

N: 1 ( f’+_i_aN1°’)
8N3 1+i/(1)7'd N3 W7y 3N3

where N¥ are the local equilibrium values of the spin densities N.. [in
Eq. (24) we did not take into account those corrections due to the exchange
relaxation that are insignificant for the problem in question]. For the
quantities SN and s obeying the relations SN¥ + SN =8N and
ou =6u the derivatives 9N "/aN5 can be easily calculated using Eq.
(A3). As a result

21 8P foTicl +C)

= = _Oldto 170 25
¢ LR 8N3 1+iw‘rd ( )

where the limiting values of the sound velocity ¢o and ¢« are given by

2 N;(APAY -BPBY) L. Pt
0 (AP Bt ma (AT By T2
(26)
¢ = ! v N2A® +y N2AQ+N.N_(v-B? +»,BY)]

m;3N3V+V_
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Of course, when the polarization tends to zero, the spin second viscosity
of polarized Fermi liquids (23), (24), (26) vanishes. According to Eq. (25),
the spectrum w (k) of sound oscillations has the form

k =(w/co[l+w’ris> +i(s?— Dwra]* /(1 +0’73s%)"? 27)
where s = ¢o/¢». In the usual experiments w7y > 1 and Eq. (27) reduces to
k = w/co+ido/2msNacors (28)

where ¢, is given by Eqgs. (22) and (26).

In *He? with a high degree of polarization the relative contributions
of the shear and bulk viscosities are determined by the parameter w’rr,.
A rough estimation shows that the spin second viscosity dominates at
T ~1mK only in quasistationary situations. A more accurate estimation
is impossible due to a lack of information on 7, in >He! with a high degree
of polarization.

Equations (18)-(26) give the values of the transport coefficients of
dense spin-polarized Fermi liquids. Analogous results for dilute Fermi
liquids can be found in Ref. 11.

3. LOW-DENSITY *Hef SYSTEMS

The kinetic behavior of dilute Fermi systems is of special interest, for
the spin polarization of such systems leads to significant magnetokinetic
phenomena—to the gigantic, practically unlimited growth of the kinetic
coefficients with increasing polarization.” "

There exist three types of possible dilute *He? systems: liquid *He?-
He II solutions, a *He? gas, and *He’-*He gaseous mixtures. While the
first of these systems may be, depending on the *He concentration and
temperature, degenerate or nondegenerate, the second and the third are
always nondegenerate. Nevertheless, there is a general procedure for study-
ing all these systems in the same way with sufficient accuracy at low
temperatures. This is made possible by the large value of the *He particle
wavelength #/p (p is the characteristic momentum) in comparison with
the interacton radius ro. In degenerate *He—He II solutions the condition

prro/h~ N3ro« 1 (29)

(pr is the Fermi momentum) is met because of the low density N of *He
particles in a solution, and for nondegenerate systems

prro/h~(mT) *ro« 1 (30)

(pr is the thermal momentum) because of low temperature. According to
quantum mechanics, the interaction of these slow particles with large
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wavelengths reduces mostly to S-wave scattering with amplitude indepen-
dent of momenta. Therefore all interaction phenomena can be described
to a high degree of accuracy by taking into account only the S-wave
scattering and using as interaction parameters only the S-wave scattering
length' a (collisions of *He quasiparticles in *He-He II solutions) or, in
the cases of *He and *He-*He gases, the S-wave scattering lengths asa,
a34, and ag4 (collisions 3He—SHe, 3 He—"’He, and 4He—“I—Ie, respectively).
For this reason one can apply, e.g., the results®**""** obtained for *He-He
IT nondegenerate solutions in the first order in the interaction, to the *He
gas, replacing the effective mass M and the scattering length a for quasipar-
ticles in solutions by the *He atomic mass m3 and the scattering length ass.

Within this approach there are no fundamental differences between
the theories of degenerate and nondegenerate dilute *He systems. To
the main order in the interaction one can even apply the formalism
of the Fermi liquid theory to the dilute nondegenerate Fermi gas (though
the Fermi liquid excitations undergo a strong damping in the case of
nondegenerate systems, this damping takes place only to the high-order
terms unimportant for a dilute gas; for details see Ref. 14). The main order
in the interaction in our case means exactly the principal term in the
expansion in pro/#. To this order most of the hydrodynamic and thermody-
namic results for degenerate and nondegenerate Fermi gases coincide very
closely if one replaces pr by pr. Apart from this, for dilute systems there
is no necessity to take into account gradient terms of the type (17); the
contribution of such terms is small in comparison with those of the usual
Fermi liquid terms due to Egs. (29) and (30).

From this point of view, it is easy to understand why the results of a
thorough analysis of the kinetic equation for nondegenerate polarized
gases'® formally have much in common with the equations of Ref. 17 for
degenerate systems. Below it is shown that the expressions for the “spin
rotation effect”” predicted by Lhuillier and Lalo&'® are practically the same
for degenerate and nondegenerate polarized Fermi gases in the main order
in the interaction and can be easily derived within this accuracy using the
Fermi liquid formalism.

In the cases of dilute, degenerate and nondegenerate, Fermi systems
the antisymmetric part of the Fermi liquid function in the first order in the
interaction is constant'*

{(pp)={"=2mal’/M (31)

(for the *He gas the quantities a and M have to be replaced by as; and
m3). Hence the frequency wi, in (11)-(13), being the main characteristic
of spin oscillations in the system, is given by

wine= 2L /B) (N —N-) (32)
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For a degenerate Fermi gas the exchange diffusion relaxation time 7 is
of the order of 7p ~ (N3a°ve) (T%/T)? (vg is the Fermi velocity), and for
a nondegenerate gas by 7p ~ (Nsa’vr)”™" (vr is the thermal velocity). In
both cases the conditions (29) and (30) cause the inequality wy,.7p > 1 to
hold up to the lowest polarizations. For this reason weakly damped spin
waves with the square-low spectrum (14) can propagate through the system
independent of the degree of degeneracy.®’*** The difference between
degenerate and nondegenerate gases, arising only from different types of
equilibrium distribution functions in the integrands, is displayed in different
values of 75 and the coefficient » in Eq. (14). In the degenerate gas™'*

_(36m)'* n NP -N?

20  Mla| (N.—N_) (33)
and in the nondegenerate gas®'*
v=T/(M|wi|) (34)

Equations (33) and (34) give the frequency of the spin oscillations (15)
and their damping (16) in dilute polarized Fermi gases. The spin diffusion
coefficients D are already known'®!! and it is easy to evaluate 7p. The
spin diffusion coefficient of a dilute degenerate gas is given by'*

5 2.3 3 2
p+\" _ppo LA\ (Po
-0 (2) . o0-L(2'(2)
()po pi+p> © T \M/ \aT
and using Eqgs. (15) and (33), we get
™ =10[M"D(0)/p§ 102 (3 -p*)/(p}* —p1°)

The spin diffusion in a nondegenerate gas is independent of polariz-
: 10,11
ation,

D =(3/8)(wT/M)"*2ma’N3)™"

and 7p =3D/v% These expressions combined with Egs. (15) and (16)
completely determine the coefficients D, R, and d in Eq. (4), and thereby
the spin rotation effect. The remaining transport coefficients are given for
the polarized degenerate Fermi gas in Refs. 11 and 14, and for the
nondegenerate gas in Refs. 10 and 11.

Of course, the mentioned analogy between degenerate and nondegen-
erate gases exists only to the main order in the interaction, when the
molecular field is given by the same expression (31). Considerable differen-
ces arise if the higher order terms are considered. For example, spin waves
can propagate through almost all polarized degenerate Fermi systems, while
in nondegenerate systems the damping of the oscillations increases rapidly
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with increasing density. The evaluation of the higher order corrections for
the kinetic coefficients of polarized nondegenerate Fermi gases at not very
low temperatures has been developed by Lhuillier and Laloé'®'? and for
degenerate gases by Baskin and Meyerovich'® (see also the results of
Section 2).

The above discussion concerned mainly *He systems with the kinetics
specified by the >He—"He interaction, i.e., *He-He II solutions and gaseous
*He. For *He?-*He gaseous mixtures the *He—"He and “He—"He collisions
are also important. Considering these mixtures, one has to take into account
a new hydrodynamic variable—the “He concentration ¢4 = N,/(N3+Ny)
(N, is the number of “He atoms per unit volume), and to introduce an
additional equation—the “He mass conservation law. The presence of *He
particles has a straightforward effect on Egs. (4) and (6): one has only to
include one more ‘“vector” term in the spin current (2):

ik=eD34—a“C4 (35)
0Xx

Of course, “He atoms do not change the precession of the magnetic moment
in the molecular field. But the “He atoms are very important for the
coefficients of the spin (and mass) diffusion, thermodiffusion, pressure
diffusion, viscosity, and thermal conductivity. For *He-*He mixtures it is
more convenient to introduce the diffusion coefficients in a form somewhat
different from Eqgs. (3) and (35). Equation (6) for the longitudinal com-
ponent of the magnetic moment can be rewritten [using (35)] as (cf. Ref. 10)

AN/t +d(N.ve)/0xx +8j%/9xk =0
i = — (N5 +No)(mscs+macs)” (msD.=Ve= (36)
+maD.Vea+DEVPIPY+(DL/TIVNT
and the *He continuity equation as
ONL /3t +d(N4vi)/xi +3j /9%, =0
im”—' —(N3+N4)(m3c3+m4c4)_1[m3(D4+Vc+ 37)
+D, Ve )+ (D5/P)WVPI+(DS/T)VT

where c. = N./(Ns+Ny), ca=Ny/(Ns+Ny), ca=ci+c-=1—cy, and ms 4
are the *He and “He atomic masses. In these notations the diffusion currents
(36) and (37) are analogous to the usual expressions for a ternary mixture.
For the helium atoms collisions reduce at low temperatures (30) to S-wave
scattering with amplitude independent of momenta; and the transport
coefficients of the mixture are given by the well-known results of the
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Chapman-Enskog theory in the hard-sphere approximation.”® There are
also two addmonal simplifications. First, one has to take into account in
considering He—"He collisions only the interaction of partlcles with
opposite spin projections ($- wave scattering). Second, the *He—*He cross
section does not depend on the *He spin state. Due to these simplifications,
all the coefficients in Eqgs. (36) and (37) can be expressed by means of only
two diffusion characteristics of binary interaction,

D =(3/16)(Ns+Na)a33 (T/mm3)'?
= (3/32)(Ns+Na)'asi (1T/27m3)"/?
The coefficients D and D’ have the meaning of the diffusion coefficients
in the binary mixtures (He", *He") and (*He, *He) with densities N5+ N,.

Using the data of Ref. 23, one easily obtains the following values for the
diffusion coefficients in Egs. (36) and (37):

D,.=D_,=(DD'/S)(1+c4/3), Dy=D'
D ,=(D'/S)c.D'+(D/4)Bcs+4cs)]
S=cD+{1—c4)D’

The pressure diffusion coefficients are given by the usual thermodynamic
relations

D =[4msczcsD i+ maca(ca—1)D14]/ (3 +c4)
DY =mscas(1—ca)D'/(B+ca)

After cumbersome calculations, and with the help of Ref. 23, we obtain
for the viscosity of a polarized *He-*He gaseous mixture the expression

{c4 (4ci +4c¢2 +2¢cc- 9 ci(1 —c4)) 15c.c_cq
={= += +
na4

N3 2 7 13

4cy [ 29 1- 64) 9]
+ +2¢% + =

4| et vae? c+c)(1+16 )43

9 9

C4 [ 2 +2c4(1- c4)+—2—(1 ~c4) ]}

2( )

{2_[504_ c4(1—c4)+9 €4 ]+435 ciC- (1 Ca)

14 L3 73 nsn’ 4 (n')’ n3n’

¢ 261 205 , 1 -
W;—,)—[———(l c4) —2¢c.c_— 4ci—4c3]+ ci( ,)(:4}
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Here we have introduced three auxiliary coefficients,

n3=31(0)=(15/16)(rmsT)"*(8ma3;) ™"
n'=(49/16)ns4 = (245/256)(87msT/T)"/*(4mass) ™"
na=(5/16)(mmT)""*(8mas) ™

there n(0) and n, are the viscosities of pure nonpolarized *He and pure
He, and n34 is the viscosity of the gas of particles with atomic mass
mamgy/(ms+m4) and cross section 47a3s The most interesting case is cq,

¢_« 1, because even a very small concentration of *He impurities in *He?

gas will limit the growth of the *He atom mean free path with increasing
He polarization (magnetokinetic effect):

n(c—, cax 1) =%n3n'/[3c_n'+(98/29)cans]

The rest of the transport coefficients (the *Het-*He thermal conductivity
and thermodiffusion) are even more unwieldy than Eq. (38). We shall give
only the value of the thermal conductivity coefficient in the case of high
polarization, c_ < ¢4:

% = {60+ (23/4)(1 —cs)* —(25/6)c
+2[(49/3)(¢' [4) —33Jca(1 —ca)}
X [(1441/16)(1 —ca)(ca/x") +(335/8)(c3/xa)] (38)

Here x4=(15/4)n, is the thermal conductivity of pure “He, and »'=
(15/4)m34 is the thermal conductivity of the gas of particles with atomic
mass msma/ (ms+my) and cross section dma3s.

4. *Hel/*He?-'"He PHASE EQUILIBRIUM

The principal object of this section is to point out the existence of new
unusual solid and liquid phases of *He—"He solutions at the *He?/°He?-
“He phase equilibrium. It is already known’*'*?*? that the *He polariz-
ation significantly changes the *He phase diagram and, in particular, alters
the mutual solubility of the helium isotopes. Nevertheless, there are two
possibilities which seem to be of special interest from both theoretical and
experimental points of view.

In time intervals less than 7 (as stated in Section 1 the dipole relaxation
time 7, may exceed tens of minutes), the equilibrium between pure *Het
and a ® He’f—“He solution is specified by the conditions wi =ws and
w1 =u3z, where T and w3 are the chemical potentials of *He particles
with different spin projections in the pure phase and in solution. When the



Spin-Polarized *He Fermi Systems 503

energy scales are significantly different in these phases, the spin system
polarization has different effects on w7 and u3. As a result the equilibrium
conditions u 7 (B1) = u3 (V) are fulfilled at different degrees of polarization
B1,» of both phases and the equilibrium *He concentration in the solution
also depends on B, ,. The influence of polarization on the phase equilibrium
is evident in the case of weak polarization when the change of energy with
polarization is proportional to the square of 3, ,. In this case

B2 =x1.2PBN3/((1N1+ x2N2), Ba/B2=x1/x2 (39)

where x:, are the susceptibilities (per *He particle) in pure *He and in
*He—*He, B = (B1N1 +B,N,)/N; is the total degree of polarization of the
system, and N, are the numbers of *He atoms in the pure phase and the
solution, N;+N;=Nj3;. Due to the dependence of the *He distribution
between the phases Ni/N, on the relation between the numbers of *He
atoms N; and “He atoms N, in the system, one can easily vary 8, by
changing N3/N4. The main difficulty in solving the phase equilibrium
equations is caused by the lack of information on the functions T () for
the dense *He Fermi liquid; for dilute *He phases the dependence u (*8)
is well known."

At low temperatures *He is not soluble in solid “He. The demixing
temperature of the solid mixture into the pure components is about 0.1K,
and the difference in chemical potentials of *He atoms within “He crystals
and in pure nonpolarized (solid or liquid) *He phase is Suso1=0.1 K. The

*He polarization does not significantly change the *He chemical potentials
1n solid phases, and at low temperatures and hlgh pressures the solid
*He?-*He mixture will continue to separate into pure HeT and *He crystals.
Though the polarization leads to some decrease of the *He melting pres-
sure,”® this decrease is not very large and is of the order of magnitude of
the He melting curve fall caused by the Pomeranchuk effect. Thus the
*He? crystals melt at higher pressures than “He. As a result we meet with
one of the following 51tuat10ns as the pressure falls: the system consists
elther of two phases (solid “He-liquid *He?) or of three phases (solid
*He-liquid *He-liquid *He-*He solution with a relatively high *He con-
centration). In the absence of polarization the second possibility occurs at
pressures slightly above the “He melting curve,?®*’ and the former occurs
at higher pressures. For our purposes it is not very important which of
these possibilities is reahzed in the polarized system. What is important is
that the change of the *He chemical potential in liquid *He or in concen-
trated *He?-"He solutions is of the order of several tenths of a degree and
is likely to exeed Suso1 ~ 0.1 K. This means that *He meltin 18 is accompanied
by the simultaneous penetration of *He atoms into the “He crystal. This
phenomenon is, of course, a threshold effect and can occur only at a
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sufficiently high degree of polarization. An extrapolation with the help of
Eq. (39) gives for the threshold value of polarization the rough estimate
0.2-0.3. Note that the impurity component of the crystal is always nearly
completely polarized.

This unique opportunity to obtain solid *He~*He solutions at very low
temperatures gives one a chance to study for the first time the impurity
quasiparticles in quantum crystals in the case when the temperature is
comparable with the quasiparticle bandwidth; up to now experiments have
been carried out only for 7> 0.1 K when the temperature has been much
larger than the bandwidth and the interaction energy of quasiparticles.
Many of the most interesting phenomena in quantum crystals, e.g., the
localization or the ordering in the impurity quasiparticle system, have to
take place at T < 0.1 K, Such a new low-temperature helium phase should
manifest several unexpected properties of the impurity zero-point motion
in quantum crystals.

At lower pressures the equilibrium of the dense Fermi liquid *He?
and *He?-*He liquid solutions should be observed. The properties of this
solution differ essentially from the usually studied *He—-He II solutions.
First, for ap1/9%; » du 3 /0%, the solution is practically completely polar-
ized, B; < B,, even if the initial *He crystal was not very highly polarized.
The second circumstance is much more important: the equilibrium 3 = 3
means a considerable increase in the maximum solubility of *He in liquid
He I1. If the degree of helium polarization is sufficiently high, ¥, ~%,~1,
the solubility increases (in comparison with the case ¥ = 0) by a factor of
three to four. Such a solution with a *He concentration of the order of
several tens of percent is a Fermi liquid with properties completely different
from both conventional dilute *He-He Ii solutions’* and a dense *He Fermi
liquid. As for the hydrodynamics and kinetics, these concentrated solutions
are described not by the formulas of Section 3 and Refs. 11 and 14, but
by the results of Section 2. In addition, in studying the *He quasiparticle
interaction in concentrated solutions one should encounter considerable
retardation effects due to the increase of the ratio of the >He quasiparticle
Fermi velocity to the sound velocity in liquid helium.

The existence of *He?-He IT solutions in a wide range of concentrations
provides the possibility of investigating the gradual transition from the case
of the nearly ideal Fermi gas to the dense Fermi liquid. The transition of
*He in spin-polarized solutions to a superfluid state cannot be caused by
S-wave pairing except for the case of very low polarlzatlon * The transition
temperature for p-wave pairing is *He concentration dependent and may
exceed 107° K in concentrated solutions. The properties of the correspond-
ing superfluid phase are somewhat analogous to the well-known *He-A;
phase and are very different from superfluid *He in nonpolarized or weakly
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polarized *He-He II solutions. The difference from *He-A; is related
malnly to the simultaneous presence of two Bose condensates (*He and
“He) and the corresponding drag effects.

APPENDIX A

In this Appendix we derive some thermodynamic relations for a
spin-polarized Fermi liquid with a Fermi liquid function of the type (8)-(10).
If the disturbances do not change the direction of magnetization, then the
single-particle density matrix n.s and the excitation energy £, can be
diagonalized in spin space by choosing the z axis along the direction of
magnetization M:

nch = %n (p)aaB + %P (p)eoaB, EaB =€ laaﬁ - SZeUaB (Al)

At equilibrium the functionsn.=n+p andn_=n —p are the Fermi distri-
bution functions for quasiparticles with spin projections +3 on the z axis
(the corresponding energies and chemical potentials are £, and p.).

If the spin densities N, and N_ are varied (6N, +8N_=8N), the
changes of the chemical potentials w.

Gsi)
op
p /p=p. *

42 [ 6ot 05 o B ) 1 )

6“* (

3

dp
Qmh)®

can be rewritten using Eqs. (8) and (A1) as
20K
myp.

LT 5Nt+J{[¢:i{ii¢i+¢;ift]5n+
3 I

@2 h)

where f. = f(p+, p'). With the help of notations (10), the relation (A2) takes
the form

+[¢t¥{¢i¢t“¢i £:]én_ } (A2)

2 2 23
6“t-— w h A(O)(SN:E w h

~——BYsN-. (A3)
mayp. m=p=

The thermodynamic identity for the pressure (at T=0) dP=
N, du,+N_du_ can be represented, taking into account Eq. (A3), as

27T2h3 ©) (0) 277'2 3
(NJAY+N_BZ)dN, +
m.p+ m-_p-

dP = N_ AP +N,.B®)dn_

(Ad)
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Equations (A3) and (A4) lead directly to Eq. (25) for the sound velocity
and to Eq. (20). The spin diffusion coefficient is determined as a proportion-
ality coefficient for the spin current and the magnetization gradient
V(N./N3) at constant pressure, and by equating (A4) to zero we get Eq.
(B9) from Eq. (A3).

The effective masses of quasiparticles of a polarized Fermi liquid can
be expressed through the first harmonics of the f-function as**

) 1 1
m._ AVAD-plBY
m AD-BY

(AS5)

The limiting case of a nonpolarized Fermi liquid correspondstop.,. =p_,
mi=m_, Ay=A_, B,=B_, and ¢ =¢'=¢=0. Then A=V+Z, B=
V¥ —Z and the harmonics (9) of the Fermi liquid function differ from the
common notations for a nonpolarized system only by the normalizing factor
in the density of states.

APPENDIX B

Here we determine the transport coefficients of a spin-polarized Fermi
liquid. For all disturbances conserving the direction of the magnetic
moment, the kinetic equation for the single-particle density matrix is
diagonal in spin space and reduces to two scalar equations for the distribu-
tion functions of up and down spins. The corresponding collision integrals
are given by

1) =~@rh)® | 92 d°pt d*p3 561 +e2—e1 —e)
X8(p1+p2—p1—p2)
X{W.lnin3 (1-n1)(1—n2)—ninz(1-ni)(1-n3)]
+Winin; (1-n7)1—nz)~ninz(1-ni)(1-n3)} (B1)
where g; = g (p:), n: = n(p;), W isthescattering probability of two quasiparti-
cles with momenta (p1, p5) into the state (p7, p2), and W_, W’ are the
analogous probabilities for the quasiparticle collisions on the Fermi sphere
of radius p_ and for the quasiparticles from different Fermi spheres.

The left-hand side of the linearized kinetic equation in the evaluation
of the viscosity has the form*°

1 anl[ N ](au, o 2 au,)
- +—5 S —
2m, oe: |F T (p V8 axe ox; 3 Fax

where u is the fluid velocity. In the case of the thermal conductivity the
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left-hand side is

16”1( s :t) +
vT
2681 T p1

where s is the entropy per particle, and in the case of the spin diffusion

1 ont
- i P1 VM«:

mi 65 1
The deviation of the distribution functions »n* from their equilibrium values
n*@ is of the form

n=n+06n"/0¢e)v (B2)

As in a nonpolarized system, the Fermi liquid corrections lead to the
renormalization of »* and do not change the values of the kinetic
coefficients. The substitution of Eq. (B2) into Eq. (B1l) reduces the
expressions in square brackets to the form

—(1/Tnin(1—np)(1—ny)wi1+va—ve— V)

The introduction of the new variatles dx; =p{ dp;/m.T and integration
removing the 8-functions transforms Eq. (B1) into

2
2m.om=

I*(py) = 2nh)’

Tp;:J- dxl'de' sz d(p nf(l —n:f')

W!
<[ Tonz-not +vivi D)

e nt (1m0t +vs -vi-vh)] (83)
8+

where g =(p% +p2 +2p.p_cos0)"?, g.=p.2+2co0s8,)"?, ¢ is the
angle between the planes (p1, p2) and (p1, p2), dQ2=d cos 8, de,, and 6;
is the angle between the vectors p; and p;. We seek solutions of the kinetic
equations for the viscosity, thermal conductivity, and spin diffusion, respec-
tively, in the forms

qn 1 )<au, e 2 au,>
—_ +0; +__._.__ ik
v*(p) i(P Pk — 3P 16 ax. o, 36k6x1 (B4)

1/2

v P)=q%p+ VT, v*(p)=qpp=Vpu-

where all the quantities q(r) depend only on r. = (. —p.)/T. As a result,
the integrations in Eq. (B3) over angular and energy variables decouple.
The quasiparticle collisions in degenerate systems are accompanied by a
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very small energy transfer, and analogous to Ref. 20, we are interested in
the values of the functions g(r) only in the vicinity of » = 0. Hence in the
cases of the viscosity and spin diffusion it is possible to substitute ¢(0) for
q(r) into Eqgs. (B3) and (B4). A somewhat more complicated analysis for
the thermal conductivity shows that one can approximate g, (r) = rg(0).
These simplifications make the integration over dx 1 dx» quite trivial. The
remaining angular integrals involve the functions of cos ¢+ and cos 42,
which are determined by the conservation laws

cos 01 = 1—2p, sin® @, sin” % (p1 +p3 +2p1pscos 82) 7,

cos 02 = (p1/p2)+cos 8, —(p1/p2) cos Oy

where for the momenta p;, one should put the values p.. This results in
the following equations in g,, and gq,.:

1=247*T?Q2mh)  mim? (p2/p2)qs (X5 +q,(0)Y ]
1=16x*/3)T*Quh) *mim>(p=/pas (X5 +4q5 (0)Y]

where the coefficients X and Y are given by Egs. (21) and (22). The
solutions of Egs. (B5) are to be substituted into the expressions for the
momentum flow

m J‘ de [an(f) ++6n9) _] d’p
" == g — V
=) Pope Laes " ve- " Quh)

and the energy flow (with the additional condition of the absence of the

Q.— I- 9 [a’ (0)1} a! (O)V ] i3p
6pl a£+ 68— (2” “)

In doing so, one obtains for the coefficients of viscosity

(B3)

ou; Oux 2 . oug
M (2 22 5, 3
, n axk ax,- 3 kaxl

2 Py . p> - ]
=— S| gl 0)+5=¢q5 (0
Tl 15772h3 [m+q71( ) m_q'l]( )

and thermal conductivity
T ’ =
Q=-xVT, x=353 [piax (0)+piql (0)]

their values (21) and (22) [in Eqgs. (21) and (22), 8 =6,].
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In the case of the spin diffusion the set of equations in g5 (0),
47°T?
Qmh)°

mim2p[qp(0)—qp(0)]

X J K3 sin” 4 sin” %d cos 0 do (B6)
g

is similar to Eqgs. (B5) but has a determinant equal to zero. Equation (B6)
has to be solved taking into account the condition of the absence of the
mass flow

onl® dsp
.___=_.++.-= -:‘:=J . + + B7
i=i +§j =0, j PtV k) ( )’

which corresponds to the equation
P3qp(0)+p2qp(0)=0 (B8)

The solutions gp5(0) of Egs. (B6) and (B8) should be substituted into
expressions (B7) for the spin currents j*. In the final results the gradients
V. have to be replaced by

ad
V.= (ﬁ) Ve
¢/ p

20 NINA{(APAY -BOB)
" mip N N_AP+N.BO)+m_p N.N,AD+N_BD)

where c. = N./N; and the derivatives are evaluated using Egs. (A3) and
(A4). The proportionality factor for j* and V.. determines the spin diffusion
coefficient D, which turns out to be equal to (18).

The calculation of the spin thermodiffusion coefficient is more compli-
cated. The antisymmetric part of the distribution function q'* (0) is evalu-
ated as in the case of the thermal conductivity from Eq. (BS). The symmetric
part ¢(0) is given by the homogeneous equation (B6) and the condition of
the zero mass current (B7). This results in the relation

q*(0) = —[#>T/(p3 +p2)Im.p.q’ (0)+m_p_q'~(0)]

When the corresponding values of ¢'*(0) and ¢™(0) are substituted into
the expressions (B7) for the spin currents j*, they lead to the formula (19)
for the spin thermodiffusion coefficient.

The above expressions coincide with the well-known results*>*! for
nonpolarized Fermi liquidsif m,=m_,p,=p_, W, =W_ X =X ,Y" =
Y. In the case of a polarized dilute degenerate Fermi gas™'"'* m,=m_

and W.=0, and one has to use for the probability W'(8, ¢) = const its

(B9)
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value for S-wave scattering; as a result the angular integrations in Eqgs.

(1

P b

N

8)-(22) can be easily carried out.
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